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Abstract. We present, implement, and analyze a spectrum of closely-related plan-
ners, designel to gain insight into the relationship between classical grid search and
probabilistic roadmaps (PRMs). Building on quasi-Monte Carlo sampling liter ature,
we have developd deterministic variants of the PRM that use low-discrepancy and
low-dispersion samples, including lattices. Classical grid search is extended using
subsampling for collision detection and also the optimal-dispersion Sukharev grid,
which can be considered as a kind of lattic e-based roadmap to complete the spectrum.
Our experimental results showthat the deterministic variants of the PRM o®er per-
formance advantagesin comparison to the original PRM and the recent Lazy PRM.
This even includes searching using a grid with subsample collision checking. Our
theoretical analysis showsthat all of our deterministic PRM variants are resolution
complete and achieve the best possible asymptotic convergenc rate, which is shown
superior to that obtained by random sampling. Thus, in surprising contrast to recent
trends, there is both experimental and theoretical evidene that some forms of grid
sarch are superior to the original PRM.

1.1 Intro duction

The main motivation of this paper is to provide insight into fundamenal

questionsthat arise in the developmern of sampling-basedmotion planning
algorithms. What factors lead to good computational performancein prac-
tice? Is randomization really important to breaking the curse of dimension-
ality? While the number of samplesrequired for a grid is known to increase
exponertially in dimension,is it true that the probabilistic roadmap (PRM),

which was \primarily dewveloped for robots with many dofs" [19], overcomes
this dixcult y through random sampling? By building on existing sampling
literature, dewvelopingtheoretical analysis,and performing experimental stud-
ies, we concludethat the original PRM doesnot o®erclear advantages over
some forms of grid-based seart. Furthermore, we even provide theoretical
and experimental evidencethat suggeststhe superiority of grids and other
deterministic sampling schemes.One theoretical result, which is expressedn

terms of a measurefrom the sampling literature (dispersion), implies that

neither the PRM, grids, nor other sampling schemescan avoid the need for
an exponertial number of samplesin dimension.
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This paper builds on our previous work [9], in which well-known deter-
ministic sampling techniques, such as Halton/Hammersley points and low-
discrepancylattices, wereshawvn to o®eradvantagesasreplacemerts to pseudo-
random sampling in the PRM cortext. Improved performance using Halton
points was also obsened recertly in the context of the Visibilit y PRM [33].
An interesting deterministic alternative to PRMs was also proposedin [5].

Given the tremendous variety of possible path planning examples, and
the fact that algorithm performanceoften dependsgreatly on parameter set-
tings, it is a daunting task to compare path planners. Our approach to this
problem is to de ne a spectrum of plannersthat hasclassicalgrid seard and
the original PRM at its ends. Neighboring planners in this spectrum vary
only slightly, which helps us understand and assesshow one small variation
a®ectsead algorithm. By chaining these variations together and drawing
conclusionsalong the way, we provide a clearer understanding of how the
planners at opposite endsare related.

There are important quali cations to the assertionsmadein this paper:

2 We believe that importance sampling is important. Many recert prob-
abilistic roadmap methods [1,2,8,14,23,30,32,36have demonstrated im-
proved performanceby concenrating samplesin a nonuniform way, such
asalong C-spaceboundaries[2,8], or the medial axis [14,30,36].0ur work
can be viewed as complemenary to importance sampling. In many of
theseapproadesit may be possibleto obtain performanceimprovemerts
by replacingrandom samplingwith deterministic schemes;howewer, given
the variety of methods and heuristics often involved, this task is beyond
the scope of the presen paper.

2 We are not recommending any of the planners preseried here as the
fastest available. Our intent is to gain insight into planning issues,as
opposedto delivering the best planner.

2 We beliewve that randomization is usefulin many contexts. Its value, how-
ever, dependsgreatly on the paradigm within which it is used.

1.2 Grids and PRMs

This section introducesa few in°uential planners that will be discussedin
detail in this paper, rather than providing a complete survey of techniques.
The path planning problem Let Cdenotethe con guration space(or C-
space) of a d-DOF robot in a 2D or 3D world that contains static obstacles.
For corvenience,assumethat the con guration spaceis parameterized so
that C = [0;1]® % RY, and someboundary points are identi ed to respect
topology. Let G e denote the set of all collision-free con gurations. A path
planning query is a pair of con gurations, Mot , Qgoari. The path planning
problemisto 'nd acontinuouspath, ¢ :[0;1]! G ee Such that ¢(0) = Gt

and ¢(1) = ggoal - It is assumedio be computationally prohibitiv eto construct
an explicit represeniation of G ¢e; however, a collision detection algorithm
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is available, which can quickly indicate whether a given con guration liesin
G ree (distance information could also be computed).
Classical grid-based search Grid-based seard is consideredby many to
be the most straightforward form of path planning. Each componert of Cis
quartized, and a d-dimensional bitmap represenation can be precomputed
by iterating a collision detector over all quantized con guration values. A
neighborhood structure must be de ned, suc as the set of 2d neighbors for
ead interior elemen of the bitmap (\up”, \down", \left", \right" in the case
of d = 2). A given query is quantized, and the bitmap can then be seartied
using a classicalAl or graph seard algorithm, sud asdynamic programming,
A", best-rst, or bidirectional seard, to connect gt t0 Ggoar. In fact, the
bitmap could also be searted using recert path planning methods that are
basedon incremental seard, suc asrandomizedpotential “elds [4], Ariadne's
clew [27,26],RRTs [22], and the planner in [16,31].1t is well-known that only
resolution completenesscan be obtained, and that for a xed resolution, the
number of samples(bitmap size) increasesexponertially in d.
The original PRM The Probabilistic Roadmap (PRM) was introducedin
[19] asa way to overcomethe well-known curse of dimensionality that exists
in grid seard. The primary philosophy behind the PRM was to perform
substartial preprocessingso that multiple queriesfor the sameenvironment
could be handled exciently. This is analogousto the bitmap precomputation
in classical grid based seard. First, a roadmap encaded as an undirected
graph, G, is constructed in a preprocessing phase In a query phase G is
usedto solve a particular path planning question for a given gt and ggoa -
Each vertex in G represetts an elemen of G ;¢e, and ead edgerepreserts a
collision-free path betweentwo con gurations.

The algorithm outlined in Figure 1.1 constructs a PRM with N vertices.
In Step 3, a random con guration in G ;e is found by repeatedly picking a
random con guration until one is determined by a collision detection algo-
rithm to bein G ee.> The NBHD function in Line 5 is a rangequery in which
all vertices within a speci ed distance of q are returned, sorted by distance
from g. Other variations are possible,of course.The variant consideredhere
is the original PRM algorithm described in [18], page 25. The CONNECT
function in Line 7 usesa fast local planner to attempt a connection between
g and v. Usually, a \straight line" path in G e is evaluated betweenqg and
v by stepping along incremertally with a collision detection algorithm. A
heuristic, node-enhancemen phase,described in [19], is not consideredhere.

Oncethe PRM has been constructed, the query phaseattempts to solve
planning problems. Essettially, tnit and ogoa are treated as new nodesin
the PRM, and connectionsare attempted. Then, standard graph seart is
performed to connect Gpnit 10 Ogoar. If the method fails, then either more
vertices are neededin the PRM, or there is no solution. This is analogousto
the problem of insuzcient resolution in classicalgrid seard.

1 In practice, of course, pseudo-random samples are generated.
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BUILD _PRM

1 G.init();

2for i=1to N

3 q A RAND _FREE _CONF( q);
4 G.add_vertex(q);

5 for each v 2 NBHD( q,G)

6 if CONNECT( q;v) then
7 G.add_edge(; v);

Fig. 1.1. The preprocessingphase: build a PRM.

The Lazy PRM A recert PRM variant called the Lazy PRM has been
proposedfor the problem of answering single planning queriesezciently, as
opposedto building an extensive roadmap prior to considerationof a planning
query [6]. The resulting planner is sometimesvery excient in comparisonto
the original PRM. This represerts a shift from the multiple query philosophy
of the original PRM [19], and returns to the single query philosophy which
was usedin someearlier planners[4,13,27].

The key idea in the Lazy PRM is to build the roadmap initially without
the useof a collision detector. The di®erencewith respect to the algorithm in
Figure 1.1is that the condition in Line 6 is dropped, and Line 7 is executed
every time. This allows the PRM to be constructed quickly; however, more
burden is placed on searting in the query phase.Once an initial-goal query
is given, the planner performs A® seard on the roadmapto nd a solution. If
any of the solution edgesarein collision, they are removed from the roadmap,
and the A” seard is repeated. Evertually, all edgesmay have to be cheded
for collision, but often the problem is solved well before this happens. Al-
ternativ ely, it might be preferableto run the seard only onceon the initial
graph, while validating edgesduring the seart (instead of waiting for a so-
lution and then validating it) [9]. If no solution is found, then more nodes
may needto be added to the roadmap. The advantage of the Lazy PRM is
that the collision cheding is only performed as needed.Thus, all edgesdo
not have to be collision chedked asin the caseof the original PRM. In classi-
cal grid seard, this philosophy implies that the bitmap is not precomputed,;
collision cheding is performed only as neededduring the seard.

1.3 A Spectrum of Sampling Techniques

A “rst steptoward constructing a spectrum of plannersfrom PRMs to classi-
cal grid seard is to characterize a spectrum of sampling techniquesto cover
C, from pseudo-randomsampling to grids. A brief intro duction to sampling is
givenhere. Seg[9,25,28]for more details. The key philosophy is that sampling
is viewed as an optimization problem in which a "nite point set or in nite

sequenceds designedthat minimizes someperformance criterion relevant to
a particular application.
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Motiv ated by applications in numerical integration and optimization, the
most common criteria are discrepancy and dispersion. Let X = [0;1]¢ %
RY de'ne a spaceover which to generate samples.Consider evaluating the

discrepancy is de ned as

D(P;R) = supjt(R)j jP\ Rj=Nj (1.1
rR2R

in which j ¢j of a set denotesits cardinality, * denotesthe Lebesguemeasure,
and R is a rangespace, which will be taken by default in this paper to be the
set of all axis-aligned rectangular subsetsof X . The dispersion is de ned as

i(P,]A = sup min l/()(; p), (12)
x2X P2P

in which Y%denotesany metric; unlessotherwise stated, the default metric in

this paper will be*! . Dispersioncan alsobe consideredasthe \radius" of the
largest empty Yball, amongall balls whosecerters lie in X . Both discrepancy
and dispersion seemvery relevant in the PRM corntext becauserange queries
are repeatedly performed, and these criteria ensurethat either the appropri-

ate number of samples(discrepancy) or at least one sample (dispersion) will

fall within a range.

A low-discrepancy point setor sequencas onethat yields the best-possible
asymptotic discrepancy which is O(Ni Llog? N) for innite sequencesand
O(Ni tlog¥ 1 N) for Tite point sets. The simplest low-discrepancy point
sets and sequencesaare Hammersley and Halton points, respectively, which
were applied to motion planning in [9]. Other low-discrepancy techniques
exist that produce smaller constarts in the asymptotic convergencerate. The
best family of methods are the (t,m,s)-nets and (t,s)-sequenceq28], and the
current best within this family are the Niederreiter-Xing sequence$29].

Regarding'! dispersion,the Sukhaev sampling criterion [34] statesthat
for any point setP, +(P) , %bN c. Thus, to keepdispersion xed, it is im-
possibleto avoid exponertially-many samplesin dimension. A low-dispersion
point setor sequences onethat producesthe bestpossibleasymptotic disper-
sion, which is O(N =9). For a xed N, if N @ is an integer, k, the Sukhaev
grid yields the best possible dispersion, which is precisely %Ni 1=d |n this
case,the grid is constructed by partitioning [0;1]¢ into N cubes of width
1=k sothat atiling of Kk £ k £ ¢¢¢£ k is obtained, and a sampleis placed at
the certer of each cube. Nongrid, low-dispersionin nite sequence®xist that
have ﬁ asthe constart in the asymptotic convergencerate [28].

Grids fall under a more-generalclass of sample sets known as lattices
which have a regular neighborhood structure (they are essetially grids that
may have nonorthogonal alignments). Most low-discrepancy sequencessuc
as Halton points, are not lattices. Surprisingly, lattices exist that have very
low discrepancy; one was used in the PRM cortext in [9]. These o®erthe
additional advantage of avoiding nearest-neiglbor computations in the PRM.
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1.4 A Spectrum of Planners

We take a bidirectional approadc to relating grid seart to PRMs. Section
1.4.1 extends and adapts grid seard, and Section 1.4.2 presenis variations
of the PRM. Section 1.4.3 discusseghe overlap betweenthe two families of
planners, which includes a planner basedon the Sukharev grid.

1.4.1 Extensions of Grid Search

Let CGS refer to classial grid search, as described in Section 1.2; for sim-
plicity, assumethat A® seart is used.As a simple rst extension, consider
making a Lazy CGS planner. The grid implicitly encadesa roadmap because
the location of all samplesand the neighborhood structure is implied in its
de nition. A Lazy CGS planner is simply obtained by not precomputing the
collision bitmap, and deferring all collision cheds until ead is required in
the seard (either the multi-iteration searding approad in [6], or the single-
iteration approad in [9] canbeused). This straightforward idea (undoubtedly
consideredpreviously) avoids performing unnecessarycollision cheds. Just
asin the caseof a PRM, the original CGS is best suited for multiple queries,
and the Lazy CGS is suitable for single-query problems.

The next extensionmay be applied to either the CGS or Lazy CGS. Con-
sider allowing two di®erert sampling resolutions: one is the grid resolution,
and the other is the sampling rate required for collision chedking. We assume
that the latter sampling rate is much higher than the grid resolution. If we
considera motion from one grid point, g, to an adjacert grid point, g then
collision cheking must be performed along a sequenceof points obtained by
linear interpolation (respecting topology) betweeng and g°. The grid can now
be interpreted as a kind of trellis of paths. A similar idea was applied long
ago for grid seard in [10]. The advantage of this approad is that we might
be able to solve a query using a low resolution for the grid, yet still be able
to ched for collisions at the required level of resolution. Good performance
can be obtained if there are no narrow corridors in the con guration space.lf
Gnit and/or gyoa do not lie on the grid points, then attempts can be madeto
connectthem (again by interpolation) to a set of nearby grid points. We will
refer to this extensionas subsampld grid search. If a bitmap is precomputed,
then the approad will be called SGS; otherwise, it is called a Lazy SGS.

One nal point of concernis: where should the grid be placed?It seems
reasonableto align the grid axeswith the coordinate axes,but the translation
remains to be chosen. Typically, the \origin® of a grid is at the coordinate
origin (i.e, a sample appearsat (0;0;:::;0)). Let k denote the number of
points per axis, and let d denote the dimension. Supposek = 3 and d =
2. A classical grid would place one point in the certer and the rest along
the boundary (assuming no topological identi cations). The maximum "1
distancepossiblefrom a point x 2 [0; 1]° to agrid point is 1=4 (in a unit cube).
Now, considerthe Sukharev grid, which provides optimal dispersion. In this
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case,the maximum distanceis only 1=6. Using only two points per axis (k =
2), the Sukharev grid yields a maximum distance of 1=4, which is equivalert
to that of a classicalgrid for which k = 3. These di®erencesmight appear
small; however, for high-dimensional problems for which only low-resolution
sampling is possible,the di®erences dramatic. For example,supposed = 10.
In this case,a Sukharevgrid with 219 = 1024points providesthe samequality
coverage(in terms of dispersion) as a classicalgrid with 3° = 59049points.
Of course,ask becomedarge, the improvemern diminishes; however, for large
d, it is impractical to make k large. Thus, the di®erenceremains signi cant.
Note also that the improvemert diminishes in other topological spaces.In
fact, on a toroidal manifold, the two grids are equivalent. That said, the
Sukharev grid is never worse than the classicalgrid, and it is usually much
better. Careful grid placemen, as opposedto naive grids, is a theme also
evidert in kinodynamic planning [11].

1.4.2 Variations of the PRM

This sectionbrie®y reviewssomeof the PRM variants and experiments from
[9], and also preseris new experimerts that usethe Sukharev grid. For any
sampling method, we can considertwo variations: 1) a versionthat precom-
putes the roadmap, G, and is suitable for multiple queries, and 2) a lazy
versionthat performs collision cheding during the seard, and is suitable for
single-query problems.

First, considerconstructing a quasi-random roadmap QRM, by using the
d-dimensional low-discrepancy sequence(such as Halton) instead of points
generated from a pseudo-randomnumber generator. The operation of the
QRM should appear identical to that of the PRM; there are no new require-
merts. If the sampleshappen to form a lattice, costly neighborhood range
queriescan be avoided becausethe neighborhood structure is implicitly de-
“ned by the lattice rules. For many problems this can result in substartial
performance improvemert, particularly for lazy planners (becausethe time
required to precompute the initial graph in the Lazy PRM represerts a siz-
able fraction of the total running time for some problems [6,9]). Let LRM
refer to a roadmap in which lattice points are used.

The experiments preseried here can be consideredas a continuation of
those in [9]. Section 3 of [9]? showed improvemert factors between 1.02 and
4.08for a seriesof \b ent corridor" examples(seeFigure 1.2 from dimension
2 to 10, using Hammersley points in the place of pseudo-randomsamples
(obtained from a nonlinear congruertial generator). We recertly performed
hundreds of new experiments basedon the Sukharevgrid that considermany
di®eren radii, corridor thicknessesdimensions,and random rotations of sam-
ples. We generally obsened that the Sukharev grid performs better than

2 Regrettably, the original gure of bent corridor experiments contains a typo-
graphical error: the width valuesgiven are actually 1/2 of the actual width used.
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Bent Corridor Cup Elb ow Truck

Fig. 1.2. The “rst frame shows a 2D rendering of the bent corridor seriesof ex-
periments. The cup, elbow, and truck are 6-DOF problems that were solved using
a Sukharev grid with 3, 4, and 5 points per axis, respectively, which is an improve-
ment over PRM performance, and comparable to the low-discrepancy lattices used
in [9].

pseudo-random sampling, especially in the case of a narrow corridor and
small radius. As the radius increasesthe pseudo-randomsamplesare able to
overcome much of their high-dispersion °aws; howewer, Suhkarev grids still
remain advantageous.The following table

|Dim. |Width [Rad[Min |Max| Mean [Sukh-1stLast-fail |
2 0.02 |0.5| 65|652|461.97 25 400
3 0.05 | 0.6/131|1861 757.52| 125 1000
6 0.15 | 0.6|195|14441237.8 729 64

shows a summary of the experiments for large radius values; with smaller
values the results were even more in favor of Sukharev grids. The columns
marked Min, Max, and Avg, give the number of nodesusedin the PRM. The
\Sukh-1st" column givesthe smallest Sukharevgrid that solved the problem.
In some cases,the next-largest Sukharev grid does not solve the problem;
thus, the last column givesthe largest grid that failed to solve the problem.
To avoid problems of axis alignment, we performed numerous experiments
in which the Sukharev grid was rotated at random. This had no signi cant
e®ecton the outcomes.For example,for 5 random rotations of the Sukharev
grid, the same number of points, 729 (3 points per axis), was sutcient to
solve the 6D problem listed in the table. Se\eral other 6-DOF exampleswere
solved using Sukharev grids, asindicated in the caption of Figure 1.2.

1.4.3 Sukharev Grid: Closing the Gap

Good performancewas obtained using the Sukharev grid, but what kind of
method is this? It can be consideredas an extension of subsampled grid
seart that usessubsampling and Sukharev samples.The Sukharev grid is
also a kind of lattice; therefore, the method can be consideredas a special
kind of LRM, and the spectrum of planners appearsas:

CGSi SGSi LRM i QRM j PRM
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Alternativ ely, the \Lazy" term could be added to eat of these,to make
single-query versions. The ertire spectrum can be consideredas families of
sampling-tased motion planning algorithms.

We now describe some basic relationships between the planners in the
spectrum; additional conclusionsand insights are derived from the theory in
Section 1.5 and the discussionin Section 1.6. Two problems with classical
grid seard (CGS) were: high sampling density were required, and too many
points were concerirated along the boundary. The rst problem was xed
by subsampling (SGS), and the secondwas xed by using a Sukharev grid.
Oncethesechangesare made, grid seart appearsto be comparableto other
lattice-based roadmaps (LRM). Based on our experimerts preseried here
and in [9], the LRMs (including grids) yield performancethat is comparable
to that of QRMs; howewer, LRMs have the additional advantage of known
neighborhood structure. Finally, the deterministic planners appear superior
to the original PRM in performancebecausethey avoids the clumpinessand
sparsenesshat must occur for a set of pseudo-randomsamples.This will be
captured theoretically by Proposition 6 in Section1.5.

1.5 Theoretical Considerations

We provide some theoretical analysis for all of the deterministic planners
preseried in Section 1.4, which includes the QRM, LRM, CGS, and SGS,
and their Lazy counterparts. Let DRM refer to this collection of planners (for
deterministic roadmapg, under the condition that they use asymptotically
dispersion-optimal samples. This includes Halton, Hammersley and many
other low-discrepancysamples,and also the Sukharev grid.

Deterministic sampling enablesthe DRM plannersto be resolution com-
plete in the sensethat if it is possibleto solve the query at a given sampling
resolution, they will solve it. The resolution can be increasedarbitrarily to
ensurethat any problem can be solved, if a solution exists. This is in corntrast
to the original PRM and other randomized variants, which are only proba-
bilistically complete [21] (the probability tendsto onethat a solution will be
found as the number of samplesgrows to in nit y).

We exploit dispersion bounds to characterize the set of con guration
spacesover which all queriescan be correctly answered. This characteriza-
tion is in terms of a parameter that measuresthe narrowest corridor width,
in a manner similar to that of [3,7,15]. We de ne a cylindrical tube, and the
\width" of G (ee is expressedn terms of the largest possiblecrosssection of
the tube, over all possiblequeries.Measuring this parameter may be as di+-
cult asthe planning problem; however, the expressionof planner performance
in terms of parametersthat are ditcult to measureis commonin randomized
planning analysis[3,6,15,16,20]If a solution doesnot exist, our deterministic
plannersare ableto declarethat either the solution path must travel through
a narrow passagethat has a width smaller than a speci ed value, or there
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is no solution. Such a result might be useful in applications becauseonce
the corridor is known to be narrower than a reasonableprecision level, the
solution might be impractical anyway.

We assumethat for any PRM-lik e method, the radius parameter usedto
select neighbors in the NBHD function from Line 5 of Figure 1.1 is always
suzciently large. In theory, the radius can be made large enoughsothat an
attempt is made to connect every vertex to every other vertex. In practice,
this often becomesinexcient; therefore, a smaller value is typically used.

Let ° = honit ; Ogoari denote a query. The set, i (G ree), Of all queriesin
which Cinit 2 Cfreev 0goal 2 Cfreey and Cinit 6 0goaly for a given Cfree is
called the query space of G ee. Let j s(Gree) U i (G ree) denote the set of
all queriesfor which a solution exists.

Let Crepresent any d-dimensional con guration space,parameterizedto
yield C = [0;1]%n », in which n » denotesappropriate topological identi -
cations along the boundary of the unit cube. Let 2 represen the subset of
the power set of C corresponding to all open subsetsthat can be constructed
with algebraic constraints, as formulated in [21].

Let a tube, B, represen an uncourtable collection of balls of equal radius
whosecerters are generatedby a continuouspath, ¢ : [0;1]! G ee. FOr eadh
s 2 [0;1] there exists an open ball B 2 B that is certered at ¢(s) and has
radius r, which is "xed for all B 2 B; let B(s) denote the ball certered at
é(s). We call 2r the width, w(B), of the tube.

Let V(q) denote the set of all points visible from a setq 2 G e (i-€.,
for eahh @°2 V(Q), ,q + (1 ,)0°2 G ee for all , 2 [0;1], assumingthat
topology is respectedin the interpolation).

Supposethat a query ° 2 j s(Gree) is given. Among all possibletubes,
let B(°) denote the tube with the largest width suc that B (0) “2 V (Ginit )
and B (1) Y2V (Qgoar ). In other words, the ertire “rst ball is visible from gt ,
and the ertire last ball is visible from ggoa . Denote this largest-width tube
asthe B(°), and call its width the width, w(°), of the query. For any query
°© 2 i (Gree)nis(Gree) Wesay that its width is zerobecauseno tub e exists.

De ne the width of G e as

W(Gree) = inf  w(®): (1.3)
°2j s(Cf ree)
Let2 (x) forx 2 (0;1 ) denotethe setofall G ;ee 2 2 sudchthat W(Giree) , X.
Intuitiv ely, this can be consideredasthe set of problemsfor which the width
of the narrowest corridor is at least x.

Supposethat the roadmap, G, is constructed for a particular C ;ee. Then,
the algorithm is said to be complete for G ;e if all queriesin j (G ee) are
answered correctly in the query phase.A solution path must be reported if
one exists; otherwise, failure is reported.

Our rst two results establishthe resolution completenessand complexity
of all of the DRM planners. Therein, we only assumethat sampling is accom-
plished using a set P of low-dispersion points, for which +(P; %) < b(d)N i 179,
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in which b(d) is a constart that may depend on the dimension d. For Hal-
ton/Hammersley points, b is a function of the largest prime used in the
construction. For many low-dispersion sequencesijncluding a multiresolu-
tion Sukharev grid, b(d) ©~ 1, which is a small constart that is independen
of dimension. If N is restricted to valuessuch that N =9 is an integer, then
b(d) ©~ 1=2. A low-dispersionsequencedor which b(d) ﬁ and no restriction
is placedon N is given in [28] (surprisingly, it is not uniform).

Propositions 1 through 3 below hold for any metric, provided that both
tube width and dispersion are measuredusing the samemetric, ¥2 Proposi-
tions 4 through 6 hold for norms (which are all related by constarts in subsets
of RY) under the sameprovision.

Prop osition 1 After N iterations, the DRM planners are complete for all
G ree 2 @ (4b(d)N i 79), in which N is the numkber of points, d is the dimen-
sion of C, and b(d) is a factor that degendson the sampling methad.

Pro of: Suppose rst that C= [0;1]® (ignoring any identi cations). As-
sumethat G ee 2 @ (2b(d)N T 79). To shov completenesswe establish that
for any solvable query, a solution path will befound;let ° 2 j (G ree) besuch
a query. BecauseG e 2 2 (20(d)N i 179), there exists a tube, B, of width at
least 2b(d)N i 179, such that B(0) %2V (Gt ) and B (1) Y2 V (Qgoal )-

Let P denote the set of sample points, which is also the set of vertices
in the roadmap, G. Each ball B 2 B must contain at leastoneq 2 P. This
follows from the fact that N sampleswere generated, and the asymptotic
dispersion bound is HP; % < b(d)Ni ¥4, If any ball of radius b(d)N i ¢ is
empty, then the dispersion would violate this upper bound.

First, consider connecting gt and gy to the roadmap. Since B (0) %2
V (gnit ), all con gurations found by linear interpolation between g, and
any point in B(0) are collision free. Therefore, gnit will be connectedto a
con guration in P (either one cortained in B(0), or at least onein the same
connectedcomponert of G asa con guration of P that liesin B(0)). Using a
similar argumert for B (1), dgoa Will also be connectedto a roadmap vertex.

It "nally remains to show that there exists a path in G between the
two con gurations in P to which gt and ggoa are connected. Consider
the balls of B as parameterized using B(s) for s 2 [0;1]. We construct a
sequencep, :::, G; 1 of k con gurations as follows. Let ¢ be any elemert
of P\ B(0). Let s; 2 [0; 1] denote the last point at which the ball B(s)
contains ¢, by starting with B (0) and increasings cortinuously. Let q; be
any elemen of P\ B(s;) nfgg. Note that the B(s;) must cortain at least
two points in P becauseq, lies on its boundary. Inductively, let g be any
elemert of P\ B(s;) nfg; 10, wheres; is the rst point at which B(s) does
not cortain ¢, 1. Note that the induction is nite, and let g; 1 denote the
“nal con guration in the sequence.

We arguethat there must exist a path in G betweenead pair, G, G+ , of

of B(sj+1); therefore, B(sj+1) contains two points of P. Furthermore, all
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points between g and ¢.; Vvia linear interpolation must be collision free.
The algorithm in Figure 1.1 would either have produced an edge between
them, or failed to becauseboth were already part of the same connected
componert of G. Either way, there exists a path in G betweeng and g+, .
By applying this for each con guration in the sequencethere exists a path
in G betweenqy and ¢; 1. Furthermore, gy is connectedto Gnit , and ok; 1 is
connectedto gyoa . Therefore, the query is correctly answered by returning a
solution path.

We now turn to the casein which C = [0;1]%0 », in which » denotes
boundary identi cations neededto appropriately re°ect the topology of trans-
formation groups that arise in motion planning: S*, P3, etc. For the dis-
persion measuremets in [0;1]¢, balls near the boundary have to be con-
tained entirely inside the unit cube. Once identi cations are considered,
someballs are allowed to over°ow as long astheir certer liesin [0; 1]9. Since
+P;rho) < b(d)Ni ¢ for [0; 1]¢, these over®owing empty balls cannot have
radius larger than 2b(d)N i 9. Thus, the dispersionin the part of the proof
for [0;1]° is simply scaled by two for the caseof [0;1]°N » by assuming
G ree 2 @ (4b(d)N i 179 in the Trst step, which establishesthe proposition. B

Proposition 1 can be reworked to bound the width of the query:
Prop osition 2 After N iterations, the DRM planners, for a query °, either
report a solution path or correctly declare that one of the following is true:
there is no solution path, or w(°) < 4b(d)N i 179,

Pro of: This follows directly from Proposition 1. Sincethe DRM is com-
plete for @ (4b(d)Ni 79), if no solution is found after N iterations, then
W(Ct ree) < 4(d)N 179 and w(°) < 4b(d)N i 179, ]

Fig. 1.3. A narrow corridor in G ree, Usedin the proof of Proposition 3.

The next proposition indicates that if the dispersionis at least +, then a
DRM or PRM planner might miss solutions in corridors of width +.
Prop osition 3 For any sample set, P, that has dispersion at least +, no
roadmap constructed using the algorithm in Figure 1.1 can be complete for
a na ().

Pro of: Wearguethat completenesss lost by producing a G ;¢ and query
° 2 i s(Gree) that will be answered incorrectly. If the dispersionis +, then
there exists a ball, B % [0; 1] with radius + such that P\ B = ;. Consider
the corridor shawn in Figure 1.3. Assumethat no tube greater than width
* can be placed in the corridor. If G ¢ is chosenso that B is located as
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shown in the shadedarea, then there will be no path in G that traversesthe
corridor. For any point on one side of the corridor outside of B, the straight-
line path to any point on the other side of the corridor outside of B will
intersect Cn G ;ee. Thus, a solution path will not be found. |

From this the next proposition follows, which establishesthat any PRM
approadc will require an exponertial number of samples.It is assumedthat
the sampling schemegeneratessamplesindependertly of the obstacleregion.
Prop osition 4 Under any sampling scheme(including pseudo-andom), a
roadmap requires a number of samplesexpnential in dimension, d, to be
completefor 2 ().

Pro of: This follows immediately from Proposition 3 and the Sukharev
sampling criterion [34]. ]

We now considerasymptotic boundsfor DRM planners. The next propo-
sition indicates that the DRM planners do the best possible,asymptotically.
Prop osition 5 The numkter of samplesrequired by each DRM planner to be
completefor 2 (1) is asymptotically optimal.

Pro of: By Proposition 3, to be complete for 2 (1), the dispersion must
be lessthan +. Thus, the goal of a DRM algorithm should be to reduce +
using as few samplesas possible. The low-dispersion sequencesacdhieve the
best possibleasymptotic dispersion. Therefore, the number of samplesused
in the DRM plannersis asymptotically optimal. ]

The following proposition gives some indication that random sampling
doesnot yield the best possibleasymptotic corvergencein the PRM; in fact,
it is signi cantly worsethan using deterministic sampling.

Prop osition 6 For a xed dimension, d, the PRM with random sampling
requires O((log N)§) times as many samples (with prokability one) as the
DRM planners to achievethe same’! dispersion.

Pro of: It was shovn by Deheuwels [28] that “! dispersion for random
samplesis O((log N)%Ni 3*) with probability one. The asymptotic disper-
sion in a DRM achieves O(N'i 5). The factor di®erencebetweenthe two is
O((log N) ). ]

Relating the PRM to grid search We now discussthe implications of
the previous propositions. Consider Propositions and 1 and 2. If we use !

dispersionand selectN suc that N =@ is an integer, then the Sukharevgrid
yields b(d) © 1=2, which is the best possible performance that can be ob-
tained. An exponertial number of samplesin d is required, but according to
Proposition 4, this is unavoidable. Note that the PRM cannot even provide
these deterministic guarartees. The PRM at least has asymptotic analysis
that establishesprobabilistic completenessand corvergence[3,19]. However,
Propositions 5 and 6 indicate that the asymptotic rate of convergenceob-
tained by the best deterministic sequenceg(including the Sukharev grid)
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is asymptotically optimal, and the use of random samplesis a signi cant
factor worse (with probability one). Proposition 6 quanti es the problems
with random sampling. To satisfy statistical tests for uniformity, a pseudo-
random number generator must clump too many points in someplaces,and
not enoughin others. If the distribution of points is \to o uniform," then it
will fail statistical tests. The deterministic samplers,on the other hand, are
able to carefully dispersethe points without this wasteful concern. Thus, in
addition to the experimental advantages discussedin Section 1.4, there are
strong theoretical indications that deterministic sampling methods, including
grids, o®eradvantagesover the original PRM.

1.6 Discussion

We have provided a spectrum of planners that ranges from classical grid
seard to the probabilistic roadmap. Surprisingly, the original PRM does
not appear to be advantageousover deterministic approaces,including grid
seart, accordingto our experimerts and theoretical analysis3 Basedon our
work, we believe one of the main factors for the successf the original PRM
was the excellent use of subsampling, which for grid sampling, enableschal-
lenging problemsto be solved with only a few points per axis. In the original
PRM, this idea also cortributed greatly to the performance.Although there
appearsat rst to be no exponertial dependencyon dimensionbecauseN is
chosendirectly, the exponertial dependencyrevealsitself onceagain if we try
to hold dispersion xed. The notion of "Xing the dispersionis generalenough
to mean keeping the resolution the samefor a grid, while also applying to
any sampling scheme. Using the Sukharev sampling criterion, N ¢ can be
consideredas the best possible\p oints per axis" for any sampling scheme,
whether or not it is a grid, and alsowhether it is random or deterministic.

Very high dimensions We note that our experiments focusedmostly on six
dimensions, with some examplesin [9] up to ten dimensions. This includes
many problems of interest in robotics, but examplesexist in robotics and
computational biology in which there are dozensor hundreds of dimensions.
Obviously, even a Sukharevgrid with two points per axis would beimpossible
to managefor some problems, while pseudo-randomsampleswould appear
to have no trouble. One straightforward way to use deterministic sampling
would be to usenon-lattice sequencen the place of pseudo-randomsamples.
In very high dimensional problems we expect, however, that the performance
di®erencesbetween using pseudo-randomsampling and deterministic sam-
pling would be negligible for most problems. This is due primarily to the fact
that spacesof this dimensionwill be sewerely undersampled,regardlessof the

% Since the \probabilistic* theme of PRMs doesnot seemadvantageous, it is per-
haps better to refer to these, grid seard, and other related planners as instances
of sampling-based motion planning.
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sampling scheme used (i.e., the \p oints per axis" for any sampling scheme
would be approximately one).

Search issues Searting is one of the oldest and most fundamertal issues
in motion planning. Although most PRM-based planners use A® seard, it

is important to revisit someof the basic seard issuesin this context. Given
the close connection drawn between classical grid seard and the PRM in

this paper, it should be clear that classical seard issueswhich apply to

grids should also apply to PRMs, QRMs, Sukharev grids, etc. that have
a large number of samples.If a PRM has thousands of nodes in a high-

dimensionalspace then the commonlocal minima problemsmost likely exist.

Since optimality is not important in this cortext, many motion planning

ideasthat are baseddirectly on incremertal seard could be usedto searh

the roadmaps obtained in the family of planners described in this paper.

Potential "eld approadeshave improved seard by using heuristics to escag
local minima [4,13,17].For the randomized potential "eld planner in [4], the

seard is even performed over an implicit grid. Thus, it can be considered
asa Lazy CGS, with A® seart replacedby the potential "eld method. The

plannerin [10] can alsobe consideredasa Lazy CGS planner. Of coursemany

other planning approadescan be considered.Incremertal searding methods,
such asAriadne's clew[27], bidirectional RRTs [22], or the plannersin [16,31],
can be consideredas alternativesto A® seard in any roadmap approac. As

the implicit grid resolution in a Lazy CGS planner becomeshigher, it is
clear that the samplingitself is not important. The key is how to seard in a
bounded metric space.

Multiresolution approac hes One disadvantage of the Sukharev grid is

that for ead incremert of the points per axis, the total number of points

increasesdramatically for higher-dimensional problems. In general,for sam-
ple setsthat require N to be speci ed, what happenswhen N needsto be
increased?Many planning algorithms involve a repeated alternation between
path searting and improving the sampling resolution. Of course,numerous
multiresolution approades have been consideredin planning literature. For

example, in [12], the sampling can be improved locally. For the Lazy LRM,

the number of lattice points could be iterativ ely doubled, while still remain-

ing low discrepancy[9]. In [5], a trellis is iterativ ely maintained (similar to

SGS), and a hyperplane of samplesis added in ead iteration before searh

is performed again. In the original PRM, multiresolution issuesappear to be
equivalent to the problem of determining how many samplesare necessary
before a solution can be found. Any number of points can be easily added
before seard is performed again. A similar behavior can be obtained for

grid-based sequencesy adding points one at a time and maintaining low

discrepancyalong the way [24].

Bringing back randomization A recert trend in quasi-Monte Carlo lit-
erature is to consider randomized versions of Halton sequenceslattices,
and (t,s)-sequences.There exist simple techniques that presene the low-
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discrepancy/low-dispersion properties of deterministic sequencesvhile at the
sametime ead sampleis uniform randomly distributed. 4 An elegan exam-
ple of this work appearsin [35], in which a randomized Halton sequenceis
obtained by cleverly constructing the “rst elemer at random, and computing
the appropriate continuations of classicalvan der Corput sequencedor each
coordinate. Sudh sequencesan be usedin motion planning to obtain both
probabilistic analysisand the deterministic guaranteesfrom Section 1.5!
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