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Abstract

We considerplanarbilinear control systemswith measurablecontrols.We show that any point in

the reachablesetcanbe reachedby a “nice” control.Speci�cally, a control that is a concatenationof a

bangarc with either (1) a bang-bangcontrol that is periodic after the third switch; or (2) a piecewise

constantcontrol with no more than two discontinuities.

Under the additionalassumptionthat the bilinear systemis positive (or invariant for any proper

cone),we show that the reachableset is spannedby a concatenationof a bangarc with either (1) a

bang-bangcontrol with no more than two discontinuities;or (2) a piecewise constantcontrol with no

more than two discontinuities.In particular, any point in the reachableset can be reachedusing a

piecewise-constantcontrol with no more than threediscontinuities.

Several known resultson the stability of planarlinear switchedsystemsunderarbitraryswitching

follow ascorollariesof our main result.We demonstratethis usingoneexample.

Index Terms

Switchedsystems;optimal control; maximum principle; stability under arbitrary switching; Lie

algebra;Lie brackets;positive linear systems;Metzler matrices.

I . INTRODUCTION

Considerthe planarbilinear control system:

_x (t) = Ax (t) + u(t)Bx (t); u 2 U; (1)
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wherex (�) : R+ ! R2, A; B 2 R2� 2, and U is the set of measurablefunctionstaking values

in [0; 1]. For u 2 U, andT � 0, we usex (T; u; x 0) to denotethe solutionat time T of (1) for

the initial conditionx (0) = x 0.

Our main result is a nice reachability type result (see,e.g., [27], [26]) for (1). In other

words, if R(T; V; x 0) := f x (T; v; x 0) : v 2 Vg denotesthe reachableset for somesubsetof

controlsV � U, thenwe show that R(T; U; x 0) = R(T; W; x 0), whereW � U is somesubset

of “nice” controls.(Here, “nice” may mean,for example,the set of continuouscontrolsor the

setof piecewise-constantcontrols,etc.)

This impliesthatfor x (0) = x 0, any point thatcanbereachedat time T usinga controlu 2 U

canalsobereached,at thesametime,usingsome“nice” controlw 2 W. Nicereachabilityresults

havemany theoreticalandpracticalapplications.Indeed,any point-to-pointcontrolproblem(e.g.,

motionplanning,�nding optimalcontrols)overthesetU canbereducedto theproblemof �nding

a suitablecontrol from the setof “nice” controlsW.

Somerelatedpaperson the analysisof planar control systemsinclude the following. The

remarkableset of papersby Sussmann[28], [29], [30] provides nice reachability results for

nonlinear control systemsin the plane (seealso [3, Chapter3]). Since we make a stronger

assumption,namely, that the systemis bilinear, we are able to derive a strongerresult. In

particular, Sussmann's resultshold in generalonly for a suf�ciently small �nal time T � 0,

whereasour resultshold for all T � 0. Another importantpaperis [21], which providesa nice

analysisof the structureof optimal bang-bangcontrolsfor planarbilinear systems.This paper,

however, ignoresthe possibility of optimal controlsthat are not bang-bang.Also, our analysis

of the bang-bangcase(seeSectionIV-A below) is muchsimpler thanthe onegiven in [21].

Our results have rami�cations for switched and hybrid systems[4], [5], [14], [6], [13],

particularly for the stability analysisof linear switchedsystemsunderarbitraryswitching laws.

The remainderof this paperis organizedas follows: the main resultsare statedin the next

section.The proofs of theseresults,given in SectionV, are basedon a variationalapproach.

This approachis brie�y reviewed in SectionIII, and applied to the analysisof time-optimal

controlsof the so-calledauxiliary systemin SectionIV.
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I I . MAIN RESULTS

We introducesomenotation.Given two controlsu1 : [0; T1] ! [0; 1] andu2 : [0; T2] ! [0; 1],

we useu2 � u1 to denotetheir concatenation,that is,

(u2 � u1)( t) :=

8
><

>:

u1(t); t 2 [0; T1);

u2(t � T1); t 2 [T1; T1 + T2]:

The correspondingtrajectoryis obtainedby �rst following u1 andthenu2. For U1; U2 � U, we

useU2 � U1 to denotethesetof all concatenationsu2 � u1 where,for i = 1; 2, eitherui 2 Ui or ui

is trivial (that is, the domainof ui includesa singlepoint). Hence,U2 � U1 essentiallycontains

both U1 and U2 themselves. For example, if BBk � U denotesthe set of bang-bangcontrols

with no morethank discontinuities,then(BB1 � BB2) = BB4 (notethat the concatenationmay

introducean additionaldiscontinuity).

Considera bang-bangcontrol u with switching timesT1 < T2 < T3 < : : : , that is, u(t) = v

for t 2 [0; T1), u(t) = 1� v for t 2 [T1; T2), andsoon with v 2 f 0; 1g. DenoteTij := Ti � Tj . We

saythat u is periodicafter threeswitchesif T21 = T43 = T65 = : : : andT32 = T54 = T76 = : : : .

Let BP � U denotethe set of such controls,and let PCk � U denotethe set of piecewise

constantfunctionswith no more thank discontinuities.We cannow stateour main result.

Theorem 1 DenoteW := (BB0 � BP) [ (BB0 � PC2). The reachablesetof (1) satis�es

R(T; U; x 0) = R(T; W; x 0); for all x 0 2 R2 and all T � 0: (2)

Theorem1 canbe strengthenedif the control systemadmitsan invariantcone.A setC � Rn

is calleda convex coneif p; q 2 C implies that k1p + k2q 2 C for all k1; k2 � 0. The coneis

said to be: solid if its interior is non-empty;pointed if C \ (� C) = f 0g; proper if it is both

solid andpointed.

Theorem 2 Considerthe control system(1). Supposethat there exists a proper coneC � R2

that is an invariant setfor both _x = Ax and _x = (A + B)x . Let V := BB3 [ (BB0 � PC2). Then

R(T; U; x 0) = R(T; V; x 0); for all x 0 2 R2 and all T � 0:

Note that sinceV � PC3, this implies that any point-to-pointcontrol problemis reducedto

May 6, 2008 DRAFT



4

the problemof determininga (small) set of parameters:the threeswitching timesand the four

constantcontrol valuesbetweenthe switches.

We saythat (1) is globally asymptoticallystable(GAS) if thereexistsa classKL function1 �

suchthat for any initial conditionx (0) = x 0 and any control u 2 U: jx (t; u; x 0)j � � (jx 0j; t),

for all t � 0. The dif�culty in analyzing GAS stems from the fact that the set of solu-

tions f x (�; u; x 0) : u 2 Ug is huge. One possibleapplicationof nice reachability results is

in establishingGAS results.The next resultdemonstratesthis. For c 2 [0; 1], we usex (t; c;x 0)

to denotethe solutionof (1) for the constantcontrol u(t) � c.

Proposition 1 Let D � [0; 1] be somesubsetof control values.Supposethat there exists a

�� 2 KL such that

jx (t; c;x 0)j � �� (jx 0j; t); for any c 2 D: (3)

Supposealso that R(T; U; x 0) = R(T; PCk(D); x 0) for all x 0 2 Rn and all T � 0, where k

is an integer that doesnot dependon T and x 0, and PCk(D) is the set of piecewise constant

controls with no more than k discontinuitiestaking valuesin D. Thenthe control system(1) is

GAS.

Proof. A straightforward generalizationof a constructionfrom [15] (see also the proof of

Proposition1 in [24]) allows one to concludethat there exists a classKL function � such

that for any control in PCk(D), jx (T)j � � (jx 0j; T). The fact that k is �x ed independentof x 0

andT is crucial to the argument.

The intuition behind this result can be explainedas follows: (3) implies that instability for

controlstakingvaluesin D canonly beobtainedby a controlu thatincludesrepeatedswitchings.

However, sinceu canbereplacedby a control law v 2 PCk (D), no controlcaninduceinstability.

Note that in the bilinearcase,x (t; c;x 0) = exp((A + cB)t)x 0, so if D is compact,then(3) is

equivalentto the requirementthat A + cB is Hurwitz for all c 2 D. In particular, if D = f 0; 1g

(so PCk(D) = BBk ) then(3) is equivalent to the requirementthat A andA + B areHurwitz.

1Recall that a function � : [0; 1 ) ! [0; 1 ) is said to be of classK if it is continuous,strictly increasing,and � (0) = 0.
A function � : [0; 1 ) � [0; 1 ) ! [0; 1 ) is said to be of classKL if � (�; t ) is of classK for each�x ed t � 0 and � (s; t)
decreasesto 0 as t ! 1 for each�x ed s � 0.
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A. Applicationsto Stability Analysisof Planar Linear SwitchedSystems

The GAS of (1) is closely relatedto the stability analysisof linear switchedsystemsunder

arbitraryswitching laws [14], [6], [13]. Considerthe planarlinear switchedsystem

_x (t) = A � (t )x (t); (4)

where x (�) : R+ ! R2, � (�) : R+ ! f 0; 1g is the switching signal, A0 = A, and A1 =

A + B. We say that (4) is globally uniformly asymptoticallystable (GUAS) if there exists a

classKL function � suchthat for any initial conditionx (0) = x 0 andany switchinglaw � the

correspondingsolutionof (4) satis�es: jx (t)j � � (jx 0j; t), for all t � 0.

Remark 1 By de�nition, the set of solutionsof (4) is containedin the set of solutionsof (1).

In particular, GAS of (1) immediatelyimplies GUAS of (4).

Recently, the problemof establishingGUAS of (4) hasattractedconsiderableinterest[13]. It

is not dif�cult to verify that several known resultson GUAS of planarlinear switchedsystems

follow ascorollariesof our main results.

To demonstratethis, considerthe GUAS problemfor positiveswitched systems. Recall that

a linear system _x = Ax , with A 2 Rn� n , is called positive if Rn
+ := f x jx i � 0; i = 1; : : : ng

is an invariantset of the dynamics,that is, if x (0) 2 Rn
+ implies that x (t) 2 Rn

+ for all t � 0.

A necessaryand suf�cient condition for this is that A is a Metzler matrix, that is, all the non-

diagonalelementsof A arenon-negative.

If bothA0 andA1 areMetzlerandx 0 2 Rn
+ , thenwe refer to (4) asa positiveswitchedlinear

system. Mason and Shorten[20], and independentlyDavid Angeli, conjecturedthat if every

matrix in the convex hull of A0 and A1 is Hurwitz and Metzler then the switchedsystem(4)

is GUAS (for any order n). Recently, advancingthe argumentsin [9], Gurvits et al. [10] were

able to prove that this conjectureis in generalfalse.However, they werealsoableto show that

it doeshold whenn = 2 (even when the numberof matricesis arbitrary).Their proof for two

matricesin the planar caseis basedon showing that the systemadmits a commonquadratic

Lyapunov function, that is, a function V(x ) = x T Px , with P > 0, suchthat PA i + AT
i P < 0,

i = 0; 1. (For more on the analysisof switchedsystemsusing quadraticLyapunov functions,

see[4], [25].)
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Theorem2 can be viewed as a generalizationof this two-matrix planarresult of Gurvits et

al. [10]. Indeed,if A0 andA1 are Metzler then Theorem2 holds for C = R2
+ . The next result

thenfollows immediatelyfrom Proposition1.

Corollary 1 Considerthecontrol system(1) with A; A+ B 2 R2� 2 Metzler. If A+ cB is Hurwitz

for all c 2 [0; 1], then the control systemis GAS.

By Remark1, this implies of coursethat the switchedsystem(4) is GUAS.

The remainderof this paperis devotedto the proof of Theorems1 and2.

II I . PRELIMINARIES: THE VARIATIONAL APPROACH

E. S. Pyatnitsky [22], [23] was the �rst to suggesta variationalapproachfor addressingthe

GAS problemfor bilinear control systems.The basic idea was to derive a characterizationof

the “most destabilizing”of all possiblecontrol laws usinga suitableoptimalcontrolproblem.In

this context, the variationalapproachhasseveral advantages.First, it allows the applicationof

sophisticatedandpowerful tools,suchasthe �rst- andhigher-ordersmaximumprinciples(MPs)

to stability analysis.Second,many of theresultscanbegeneralizedto nonlinearcontrolsystems.

Third, it allows thederivationof notonly stability results,but moregeneralnice-reachability-type

results.

The variationalapproachwasusedto derive the mostgeneralstability resultscurrentlyavail-

able for both (1) linear switchedsystemsof order n = 2 [23], [18], [12], and n = 3 [2], [19];

and(2) nonlinearswitchedsystemswith a nilpotentLie algebra[24].

We note in passingthat the variationalapproachmay also be important in other questions

relating to switchedsystems,e.g., the synthesisof optimal switching laws [7], [5]. Recently,

this approachwasalsousedto addressthe problemof computingthe root-mean-squaregain of

linear switchedsystems[17]. More information can be found in the recentsurvey paper[16],

and the referencestherein.For the sake of completeness,we brie�y review the componentsof

the variationalapproachthat areneededfor our purposes.

A. TheAuxiliary Systemand Nice Reachability

Considerthecontrolsystem(1). De�ne y (t; u; x 0) := exp(� At )x (t; u; x 0). Notethaty (0; u; x 0) =

x 0. For the sake of brevity, we will sometimesusethe shorthandnotationy(t) for y (t; u; x 0).
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Differentiatingy (t) yields

_y(t) = u(t)S(t)y (t); S(t) := exp(� At )B exp(At ): (5)

Note that this is a drift-less,time-varying control system.Following [11], we refer to (5) asthe

auxiliary system. Clearly, we canrewrite (5) in the form

y(T) = exp
� Z T

0
u(t)S(t)dt

�
y (0);

so for any c 2 R:

cy(T) = exp
� Z T

0
u(t)S(t)dt

�
(cy (0)):

This impliesthat thesystemis homogeneous, i.e. if a controlu steerssomeinitial conditiony(0)

to the �nal condition y(T) at time T, then this control also steerscy(0) to the �nal condi-

tion cy(T) at time T.

Proposition 2 Fix arbitrary T � 0, q 2 R2, and u 2 U. Denotep := x (T; u; q), and p0 :=

exp(� AT )p, so u steers (1) [ (5)] from q to p [p0] at time T. Let u� 2 U be a control that

steers (5) from q to p0 in minimal time,2 that is, y (T0; u� ; q) = p0 for someminimal time T0 2

[0; T]. De�ne a control w 2 U by:

w(t) =

8
><

>:

u� (t); t 2 [0; T0);

0; t 2 [T0; T]:
(6)

Thenx (T; w; q) = p.

Proof. By (5) and(6): y (T; w; q) = y(T 0; u� ; q) = p0, so x (T; w; q) = exp(AT )p0 = p.

Proposition2 implies that any control canbe replacedby a control that is a concatenationof

a time-optimalcontrol for the auxiliary systemand a bangarc. A similar result holds also for

the caseof nonlinearcontrol systems[26].

Given (5), the time-optimalcontrol u� canbe characterizedusing the MP.

2The de�nition of the setof admissiblecontrolsU implies that an optimal control u � 2 U indeedexists [8].
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Theorem 3 Supposethat u� is a time-optimalcontrol for (5) and denotey � (t) := y (t; u� ; x 0).

There exists � : [0; T0] ! Rn , satisfying

_� (t) = � u� (t)ST (t)� (t); (7)

such that

u� (t) =

8
><

>:

0; m(t) > 0;

1; m(t) < 0;
(8)

where

m(t) := � T (t)S(t)y � (t): (9)

Furthermore, let L 0 denotethe linear span of the set of all Lie brackets containing at least

oneB term: L 0(y ) = span(f By ; [A; B ]y ; [A; [A; B ]]y ; [B ; [A; B ]]y ; : : : g): Thenthe restriction

of � (t) on L0(y � (t)) doesnot vanishfor all t 2 [0; T 0].

For a proof of the last assertion,see[26].

If the set Z := f t 2 [0; T0] : m(t) = 0g containsonly isolatedpoints, then (8) implies

that u� (t) is piecewise constantand satis�es u� (t) 2 f 0; 1g for almostall t. Sucha control is

calledbang-bang. If, on theotherhand,m(t) � 0 on an interval of time, thenthecorresponding

control is calledsingular [1].

Dif ferentiatingthe absolutelycontinuousfunction m, andusing(5) and(7) yields

_m(t) = � T (t) exp(� At )(adA B) exp(At )y � (t); (10)

where adA B := BA � AB is the Lie commutatorof the matricesA and B. Note that this

implies that _m is alsoan absolutelycontinuousfunction.

Oneimportantapplicationof the auxiliary systemis in deriving nice-reachabilityresults[26].

The next exampledemonstratesthis.

Example 1 Considerthe casewhere A and B commute,i.e. AB = BA. In this case,(10)

yields _m(t) = 0, so m(t) � c. Sincem(t) = � T (t)By � (t) andL0(y � ) = spanf By � g, it follows

from Theorem3 that c 6= 0, so (8) implies that either u� (t) � 0 or u� (t) � 1. The control w
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de�ned in (6) thensatis�es w 2 BB1, so

R(T; U; x 0) = R(T; BB1; x 0); for all T andall x 0:

Suppose,in addition,thatA andA+ B areHurwitz.Thenthereexist ci > 0 suchthatj exp(At )x 0j �

c1jx 0j exp(� c2t) andj exp((A + B)t)x 0j � c3jx 0j exp(� c4t). In otherwords,(3) holdsfor D =

f 0; 1g, andProposition1 implies that (1) is GAS. Thus,thestability resultfollows asa corollary

of the moregeneralnice-reachabilityresult.

IV. ANALYSIS OF TIME-OPTIMAL CONTROLS

In this section,we analyzetime-optimalcontrols for the auxiliary system(5). For two vec-

tors p; q 2 R2, we use the notation p / q to denotethat p = cq, for somec 6= 0. De-

note J :=

0

@ 0 � 1

1 0

1

A . It is straightforward to verify that if two vectorsp; q 2 R2 n f 0g

satisfypT q = 0, thenp / Jq.

A. Thebang-bangcase

Proposition 3 Consider the system(5) with A; B 2 R2� 2, and y (0) 2 R2 n f 0g. Suppose

that the set Z containsonly isolatedpoints. Let u� be a time-optimalbang-bangcontrol with

at least two consecutiveswitches: t1 < t2. Denote the correspondingtrajectory by y � , and

let x � (t) := exp(At )y � (t). Then

x � (t2) / (adA B)Bx � (t1): (11)

Proof.ConsideringTheorem3, denote� (t) := exp(� AT t)� (t). Then _� = � (A + u� B)T � , and

m(t) = � T (t)Bx � (t). Sincet1 is a switchingpoint, � T (t1)Bx � (t1) = 0, so

� (t1) / JBx � (t1): (12)
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Assume�rst that m(t) > 0 for t 2 I := (t1; t2), so u� (t) = 0, _x = Ax , and _� = � AT � for

all t 2 I . Fix an arbitrary t 2 I , and let s := t � t1. Then

m(t) = � T (t)Bx � (t)

= � T (t1) exp(� As)B exp(As)x � (t1)

= � T (t1)(exp(� As)B exp(As) � B)x � (t1);

wherethe last stepfollows from the fact that m(t1) = 0. This canbe written as

m(t) = � T (t1)(exp(� As)B � B exp(� As))x � (t): (13)

SinceA 2 R2� 2, the Cayley-Hamilton theoremassertsthat thereexist a0; a1 2 R suchthat

A2 = a1A + a0I : (14)

The expansionexp(At ) = I + At=1! + (At )2=2! + � � � implies that thereexist analytic func-

tions f ; g : R ! R suchthat

exp(At ) = f (t)I + g(t)A; for all t: (15)

Differentiating(15)yieldsA(f I + gA) = _f I + _gA; andusing(14)yields _f = a0g, and _g = a1g+ f :

It follows from (15) that (onepossiblechoicefor) the initial conditionsof this setof differential

equationsis f (0) = 1 andg(0) = 0. Solving for g yields

g(t) =

8
>>>><

>>>>:

exp(a1t=2) sinh(
p

pt)=
p

p; p > 0;

exp(a1t=2)t; p = 0;

exp(a1t=2) sin(
p

� pt)=
p

� p; p < 0;

(16)

wherep := a0 + a2
1=4. Note that (16) implies that for any p � 0: g(t) 6= 0 for all t 6= 0.

Substituting(15) in (13) yields

m(t) = � g(� s)� T (t1)(adA B)x � (t): (17)
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Denotet21 := t2 � t1. Thenat the switchingpoint t2 this yields

0 = g(� t21)�
T (t1)(adA B)x � (t2): (18)

Supposethat g(� t21) = 0. Since t21 > 0, (16) yields p < 0 and sin(�
p

� pt21) = 0.

Using (16) againyields g(t21) = 0, so x � (t2) = exp(At 21)x � (t1) = (f (t21)I + g(t21)A)x � (t1) =

f (t21)x � (t1): Note that sincey(0) = x (0) 6= 0, we have x � (t) 6= 0 for all t � 0, so f (t21) 6= 0.

It thenfollows from thehomogeneityof thesystemthatu� (t) = 0 for all t � 0. This contradicts

our assumptionthat thereexist at leasttwo switchingpoints.

Thus,g(� t21) 6= 0, and(18)and(12)yield x � (t2) / J (adA B)T � (t1) / J (adA B)T JBx � (t1):

A direct calculationshows that for all A; B 2 R2� 2, J (adA B)T JB = (adA B)B, so (11) indeed

holds.

Now supposethat m(t) < 0 for t 2 I . Thenu� (t) = 1 for t 2 I , and the dynamicsis _x � =

(A + B)x � and _� = � (A + B)T � ratherthan _x � = Ax � and _� = � AT � . SubstitutingA + B

for A in (11) yields x � (t2) / (adA+ B B)Bx � (t1) = (adA B)Bx � (t1). This completesthe proof

of Proposition3.

Proposition 4 Considerthe system(1) with A; B 2 R2� 2, and y (0) 2 R2 n f 0g. Supposethat

the setZ containsonly isolatedpoints.Let u� be a time-optimalbang-bangcontrol with more

than two switches,and let t1 < t2 < t3 denotethree consecutiveswitching points.Denotethe

correspondingtrajectoryby y � , and let x � (t) := exp(At )y � (t). Then

x � (t3) / x � (t1):

Remark 2 Note that it follows from this and the homogeneityof the systemthat u� 2 BP.

Proof. We alreadyknow that

x � (t2) / (adA B)Bx � (t1): (19)

Considerthe interval t 2 (t2; t3). The dynamicson this interval is identical to that in the

interval (t1; t2) with onedifference:A is replacedby A + B. It thereforefollows from (19) that

x � (t3) / (adA+ B B)Bx � (t2) = (adA B)Bx � (t2): Combining this with (19) yields x � (t3) /

((adA B)B)2x � (t1). A direct calculation shows that for all A; B 2 R2� 2, ((adA B)B)2 =

p(A; B)I , with p(A; B) = � det((adA B)B), and this completesthe proof.
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B. Thesingular case

Proposition 5 Fix an arbitrary y 0 2 R2 n f 0g. Supposethat there exists a time interval I :=

(t1; t2) � [0; T0] such that m(t) = 0, for all t 2 I . Thenthere existsv 2 [0; 1] such that u� (t) � v

for all t 2 I . Moreover, v is unique.

Proof. Sincem(t) = 0,

� (t) / JBx � (t); t 2 I : (20)

Also _m(t) = 0, t 2 I , so (10) yields

� T (t)(adA B)x � (t) = 0; t 2 I : (21)

Combining(20) and(21) yields

(x � (t))T M x � (t) = 0; t 2 I : (22)

whereM := B T J T (adA B)+ (B T J T (adA B))T . We now show thaton thesingularinterval x � (t)

remainson a line, i.e. thereexists a function c(�) : [t1; t2] ! R n f 0g suchthat

x � (t) = c(t)x � (t1); t 2 I : (23)

We considerseveral cases.

Case1. Supposethat the symmetricmatrix M is sign-de�nite. Then the only solution of (22)

is x � (t) = 0, which is a contradictionsincex 0 6= 0.

Case2. Supposethat M is singular. Suppose�rst that M = 0. Denotethe elementsof the

matrix A by A =

0

@ a1 a2

a3 a4

1

A . Since invertible linear transformationsof the statespacedo

not changethe structureof optimal arcs,we may assumethat B is eitherdiagonalor in Jordan

form. In the latter case:B =

0

@ b1 1

0 b1

1

A andadA B =

0

@ a3 a4 � a1

0 � a3

1

A . A calculationshows

thatM = 0 impliesthatb1a3 = b1(a1 � a4) � a3 = 0. If a3 = 0 anda1 = a4, thenadA B = 0, and

this contradictsthe fact that m(t) � 0 (seeExample1 above). Thus,a3 = b1 = 0, a4 � a1 6= 0,

so B =

0

@ 0 1

0 0

1

A andadA B =

0

@ 0 a4 � a1

0 0

1

A .
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This yields m(t) = � 1(t)x �
2(t), so � 1(t)x �

2(t) = 0. If � 1(t) = 0, then it is possibleto show

that the last assertionin Theorem3 doesnot hold. This contradictionimplies that x �
2(t) = 0,

so (23) indeedholds.

The analysisin the casewhereB is diagonalis similar, and is thereforeomitted.

Now considerthe casewhereM 6= 0. SinceM is singularand M 6= 0, the solution of (22)

is indeeda line.

Case3. Supposethat M is not singularandnot sign-de�nite. It is straightforward to show the

solutionsetof x T M x = 0 is two lines that intersectat the origin.

Summarizing,on the singularinterval x � (t) satis�es (23). This yields

_x � (t) = (A + u� (t)B )c(t)x � (t1) = _c(t)x � (t1); (24)

so x � (t1) is an eigenvector of the matrix A + u� (t)B for all t 2 I . In particular, theremust

exist v 2 [0; 1] andp 2 R suchthat

(A + vB)x � (t1) = px � (t1): (25)

Combiningthis with (24) yields

c(t)(u� (t) � v)Bx � (t1) = ( _c(t) � pc(t))x � (t1): (26)

Supposefor a momentthatx � (t1) is aneigenvectorof B . It thenfollows from (25) thatx � (t1)

is alsoaneigenvectorof A. This impliesthat(adA B)x � (t1) = 0 and,inductively, thatCx � (t1) =

0 for any matrix C that is a Lie-product of A and B. It is easy to see that this implies

thatL0(y � (t1)) = spanf By � (t1)g. But thenm(t1) = 0 impliesthat� (t1) is trivial on L0(y � (t1)) ,

and this contradictsTheorem3.

We concludethat x � (t1) is not an eigenvector of B . Then the value v for which (25) holds

is unique,and(26) implies that u� (t) = v for all t 2 I .

The next exampledemonstratesa casewhereno bang-bangcontrol is optimal and,therefore,

the optimal control must indeedbe singular.

Example 2 Considerthelinearswitchedsystem(4) with A0 =

0

@ 
 1

0 


1

A , A1 = AT
0 , where
 <

0. Note that the A i s are Hurwitz and Metzler. A calculationyields G := exp(A1) exp(A0) =
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e2


0

@ 1 1

1 2

1

A . It is easyto prove by induction that for n � 1: Gn = e2n


0

@ F2n� 2 F2n� 1

F2n� 1 F2n

1

A ;

where Fn is the nth Fibonacci number. This implies that for x (0) = (1; 1)T , the switched

systemadmits a solution satisfying x (2n) = Gnx (0) = e2n
 (F2n ; F2n+1 )T : Now, it is well-

known that Fn grows nearly as � n=
p

5, where � := (1 +
p

5)=2 � 1:618 is the goldenratio.

Choosing
 < 0 suchthat e
 = 1=
p

� , yields that both componentsof x (2n) grow at leastas

fastas �( � n). Thus,the switchedsystemis clearly not GUAS.

SinceA0 andA1 areHurwitz, thereclearlyexists �� 2 KL suchthatj exp(A0t)x 0j � �� (jx 0j; t),

and j exp(A1t)x 0j � �� (jx 0j; t) for all x 0 2 R2 and all t � 0. The matricesare also Metzler,

so if there always exists an optimal control u� that is bang-bang,Theorem2 would imply

thatR(T; U; x 0) = R(T; BB3; x 0). Proposition1 thenimpliesthatthecorrespondingcontrolsys-

tem is GAS, andso the switchedsystemis GUAS. But we alreadyshowed that this is not true.

It is also straightforward to computethat, given x 0 and 
 as above, and using A = A0,

B = A1, andu � 1=2 in (1) yields componentsof x (2n) that grow as �( en ).

C. Junctions

We now consideroptimal controlsthat areconcatenationsof bang-bangandsingulararcs.

Proposition 6 If u� : [0; T0] ! [0; 1] is a time-optimalcontrol for (5) then either u� 2 BP

or u� 2 PC2.

Proof. We considertwo cases.

Case1: Supposethat u� containsno bangarcs.The (absolute)continuity of m(t) implies that

in this casem(t) = 0 for all t 2 [0; T 0]. Proposition5 implies that u� (t) � v for all t 2 [0; T0],

so u� 2 PC0 � PC2.

Case2: Supposethat u� containsa bangarc. Without loss of generality, we assumethat there

exist 0 � t1 < t2 � T0 suchthat m(t) > 0 for t 2 I := (t1; t2).

Case2.1: I is strictly containedin (0; T 0). In this case,we mayassumethatm(t1) = m(t2) = 0,

with 0 < t1 < t2 < T. Let s := t � t1. Eqs.(17) and(15) imply that

m(t) = � g(� s)� T (t1)(adA B) exp(As)x � (t1)

= � g(� s)� T (t1)(adA B)(f (s)I + g(s)A)x � (t1):
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Supposethat _m(t1) = 0, that is, � T (t1)(adA B)x � (t1) = 0. Then

m(t) = � g(� s)g(s)� T (t1)(adA B)Ax � (t1): (27)

At the switching point t2 this yields: 0 = g(� t21)g(t21)�
T (t1)(adA B)Ax � (t1): Now consider

that if � T (t1)(adA B)Ax � (t1) = 0, then (27) implies that m(t) � 0, for all t 2 I , which is

a contradiction.Therefore,g(� t21)g(t21) = 0. Sincet21 > 0, Eq. (16) implies that p < 0 and

thatsin(
p

� pt21) = 0. Then,arguingasin theproof of Proposition3, we concludethatu� (t) = 0

for all t, but this contradictsthe fact that t2 is a switchingpoint.

Hence, _m(t1) 6= 0. Similarly, it is possibleto prove that _m(t2) 6= 0. Sincem(t) is absolutely

continuousthis implies that t1 (t2) is the upper(lower) boundof anotherbangarc. Thus,u� is

composedof a concatenationof bangarcs,andeitheru� 2 PC2 or, by Remark2, u� 2 BP.

Case2.2: Supposethat no bangarc is strictly containedin [0; T 0]. Thus,if (t1; t2) is a bangarc

then either t1 = 0 or t2 = T0. The most generalcasepossibleis that we have two bangarcs:

oneon (0; � 1) and the secondon (� 2; T0), with 0 < � 1 < � 2 < T0, and the interval (� 1; � 2) does

not containany bangarc. It follows that u� (t) � v for t 2 (� 1; � 2), so in this caseu� 2 PC2.

This completesthe proof of Proposition6.

V. PROOF OF THE MAIN RESULTS

We cannow prove our main results.Fix arbitraryx 0 2 R2, T � 0, andu 2 U. It follows from

Propositions2 and6 that thereexists w 2 (BB0 � BP) [ (BB0 � PC2) suchthat x (T; u; x 0) =

x (T; w; x 0). This completesthe proof of Theorem1.

Now supposethat thereexists a properconeC � R2 that is an invariantsetfor both _x = Ax

and _x = (A + B)x . Recall that if u� is a time-optimalbang-bangcontrol for (5), with at least

threeswitchest1 < t2 < t3, then

x � (t3) = kx � (t1); k 6= 0: (28)

By shifting the time axis, if necessary, we may assumethat t1 > 0.

For i = 1; 2, denotel i := f cx � (t i ) : c 2 Rg, that is, the line passingthrough0 and x � (t i ).

Assume,without loss of generality, that the trajectoriesof _x � = Ax � crossthe line l1 in the

clockwisedirection (CWD). Let S12 � R2 denotethe openconeenclosedbetweenthe lines l1

and l2 asshown in Fig. 1.
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_x = Ax

x � (t1 � � )

_x = (A + B)x

l2

x � (t2)

x � (t1)

x � (t3)
l1

S12

Fig. 1. An optimal bang-bangtrajectoryfor the casewherex � (t3) = kx � (t1), with k < 0.

It follows from the homogeneityof the systemthat every point on l i is a switching point.

Furthermore,it follows that the optimal control is actuallystate-dependentand that if x 1; x 2 2

S12, thenu� (x 1) = u� (x 2). Assume,without lossof generality, that u� (x ) = 0 for all x 2 S12.

Since t1 > 0 is a switching point, there exists � > 0 such that _x � = (A + B)x � for t 2

(t1 � �; t1). This implies that the trajectoriesof _x � = (A + B)x � also crossl1 in the CWD. It

follows from (28) thatx � (t3) 2 l1, soat time t3 the trajectoryx � (t) alsocrossesl1 in the CWD.

We now considertwo cases.If k > 0 then the curve 
 := f x � (t) : t 2 (t1; t3]g completes

a whole turn around the origin in the CWD. Thus, there exist times � 1; � 2 2 [t1; t3] such

that x � (� 1) 2 C and x � (� 2) 2 � C. But, since both C and � C are invariant sets for the

dynamics,andC \ (� C) = f 0g, this is a contradiction.

Thecasek < 0 (seeFig. 1) cannotholdbecausex � (t1) 2 C andinvarianceimpliesx � (t3) 2 C,

but (28) with k < 0 says x � (t3) 2 � C. We concludethat x � (t3) 2 C \ (� C) = f 0g, a

contradiction.

Summarizing,any bang-bangtime-optimalcontrol cannotinclude more than two switching

points.Thus,any time-optimalcontrolsatis�esu� 2 (BB2 [ PC2). UsingProposition2 completes

the proof of Theorem2.
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