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Abstract

We considerplanarbilinear control systemswith measurableontrols.We shav that arny point in
the reachablesetcanbe reachedy a “nice” control. Speci cally, a control thatis a concatenatiorof a
bangarc with either (1) a bang-bangcontrol thatis periodic after the third switch; or (2) a piecavise
constantcontrol with no more thantwo discontinuities.

Under the additional assumptionthat the bilinear systemis positive (or invariant for ary proper
cone),we shav that the reachablesetis spannedby a concatenatiorof a bangarc with either (1) a
bang-bangcontrol with no more thantwo discontinuities;or (2) a piecavise constantcontrol with no
more than two discontinuities.In particular ary point in the reachableset can be reachedusing a
piecavise-constantontrol with no more thanthreediscontinuities.

Several known resultson the stability of planarlinear switchedsystemsunderarbitrary switching

follow ascorollariesof our main result. We demonstratehis using one example.

Index Terms

Switched systems;optimal control; maximum principle; stability under arbitrary switching; Lie

algebra;Lie braclets; positive linear systemsMetzler matrices.

I. INTRODUCTION

Considerthe planarbilinear control system:
x(t) = Ax(t) + u(t)Bx(t); u2uU; (1)
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wherex() : Ry ! R2? A;B 2 R? 2 andU is the setof measurabldunctionstaking values
in [0;1]. Foru2 U, andT 0, we usex(T;Uu;Xg) to denotethe solutionat time T of (1) for
the initial conditionx (0) = Xg.

Our main result is a nice reachability type result (see, e.qg., [27], [26]) for (1). In other
words, if R(T;V;Xg) = fx(T;Vv;Xo) : v 2 Vg denotesthe reachableset for somesubsetof
controlsV U, thenwe shav that R(T;U;xo) = R(T;W; Xg), whereW U is somesubset
of “nice” controls.(Here,“nice” may mean,for example,the setof continuouscontrolsor the
setof piecavise-constantontrols,etc.)

Thisimpliesthatfor x (0) = x, ary pointthatcanbereachedattime T usingacontrolu 2 U
canalsobereachedatthe sametime, usingsome“nice” controlw 2 W. Nice reachabilityresults
have mary theoreticalandpracticalapplicationsindeed ary point-to-pointcontrolproblem(e.g.,
motionplanning, nding optimalcontrols)overthesetU canbereducedo theproblemof nding
a suitablecontrol from the setof “nice” controlsW.

Somerelated paperson the analysisof planar control systemsinclude the following. The
remarkableset of papersby Sussmanr28], [29], [30] provides nice reachability results for
nonlinear control systemsin the plane (seealso [3, Chapter3]). Since we make a stronger
assumption,namely that the systemis bilinear, we are able to derive a strongerresult. In
particulay Sussmans resultshold in generalonly for a sufciently small nal time T 0,
whereasour resultshold for all T 0. Anotherimportantpaperis [21], which providesa nice
analysisof the structureof optimal bang-bangcontrolsfor planarbilinear systems.This paper
however, ignoresthe possibility of optimal controlsthat are not bang-bangAlso, our analysis
of the bang-bangcase(seeSectionlV-A belaw) is muchsimplerthanthe onegivenin [21].

Our results have rami cations for switched and hybrid systemsl[4], [5], [14], [6], [13],
particularly for the stability analysisof linear switchedsystemsunderarbitrary switching laws.

The remainderof this paperis organizedas follows: the main resultsare statedin the next
section.The proofs of theseresults,given in SectionV, are basedon a variational approach.
This approachis briey reviewed in Sectionlll, and appliedto the analysisof time-optimal

controlsof the so-calledauxiliary systemin SectionlV.
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[1. MAIN RESULTS

We introducesomenotation.Giventwo controlsu, : [0; T,]! [0;1] andu,: [0;T,]! [O;1],
we useu, Uu; to denotetheir concatenationthatis,
8
2 uy(); t2 [0;Ty);

z Us(t Ty); t2 [Ty T+ Ty

(uz  ug)(t) :=

The correspondingrajectoryis obtainedby rst following u; andthenu,. For U;; U, U, we
uselU, U, to denotethe setof all concatenations, u; where,fori = 1; 2, eitheru; 2 U, or y;
is trivial (thatis, the domainof u; includesa single point). Hence,U, U, essentiallycontains
both U; and U, themseles. For example,if BBy U denotesthe set of bang-bangcontrols
with no morethank discontinuitiesthen(BB; BB,) = BB, (notethatthe concatenatiormay
introducean additionaldiscontinuity).

Considera bang-bangcontrol u with switchingtimes T, < T, < Tz < :::, thatis, u(t) = v
fort 2 [0;Tq),u(t) = 1 vfort2 [Ty;T,), andsoonwith v 2 f0O; 1g. DenoteT;; := T; T;. We
saythatu is periodic after threeswitchesif To; = Tg3 = Tgs = ::: andTap = Ty = Tz = 10,
Let BP U denotethe set of such controls,and let P G, U denotethe set of piecavise

constantfunctionswith no morethank discontinuities We cannow stateour main result.
Theorem 1 DenoteW = (BBy BP)[ (BBy PG). Thereadablesetof (1) satis es
R(T:U;Xo) = R(T;W:Xyo); forall xo 2 R?andall T O (2)

Theoreml canbe strengthened the control systemadmitsaninvariantcone.A setC  R"
is calleda corvex coneif p;q 2 C impliesthatk;p + kyq 2 C for all ky;k, 0. The coneis
saidto be: solid if its interior is non-empty;pointedif C\ ( C) = f0g; proper if it is both

solid and pointed.

Theorem 2 Considerthe control system(1). Supposehat there exists a properconeC  R?
thatis an invariant setfor bothx = Ax andx = (A+ B)x. LetV := BB3[ (BBy PG). Then

R(T:;U;Xo) = R(T;V:Xo); forall xo 2 R2andall T O
Note thatsinceV PG, this implies that any point-to-pointcontrol problemis reducedto
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the problemof determininga (small) set of parametersthe three switchingtimes and the four
constantcontrol valuesbetweenthe switches.

We saythat (1) is globally asymptoticallystable(GAS) if thereexistsa classK L function
suchthat for ary initial conditionx(0) = xo andany controlu 2 U: jx(t; u; Xo)j (Jxoj; 1),
for all t 0. The dif culty in analyzing GAS stemsfrom the fact that the set of solu-
tions fx(;u;Xg) : u 2 Ug is huge. One possibleapplication of nice reachability resultsis
in establishingGAS results.The next resultdemonstratethis. For ¢ 2 [0; 1], we usex (t; C;X )

to denotethe solutionof (1) for the constantcontrolu(t) c.

Proposition 1 Let D [0; 1] be somesubsetof contol values. Supposethat there exists a
2 KL sud that
xtexo)j  (1Xolit); for anyc2 D: 3)

Supposealso that R(T; U; xo) = R(T;PG(D);x,) for all xo 2 R" andall T 0, whee k
is an integer that doesnot dependon T and x4, and PG(D) is the setof piecavise constant
contmols with no more than k discontinuitiestaking valuesin D. Thenthe control system(1) is
GAS.

Proof. A straightforvard generalizationof a constructionfrom [15] (see also the proof of
Propositionl in [24]) allows one to concludethat there exists a classKL function such
thatfor any controlin PG(D), jx(T)j (JXoj; T). Thefactthatk is x edindependendf x g
andT is crucial to the agument. O
The intuition behindthis result can be explained as follows: (3) implies that instability for
controlstakingvaluesin D canonly be obtainedby a controlu thatincludesrepeatedswitchings
However, sinceu canbereplacedoy a controllaw v 2 PG,(D), no controlcaninduceinstability.
Notethatin the bilinearcasex (t; c;xo) = exp((A + cB)t)xo, soif D is compactthen(3) is
equvalentto the requirementhat A + cB is Hurwitz for all c2 D. In particulay if D = f0; 19
(soPG(D) = BBy) then(3) is equialentto the requirementhat A andA + B are Hurwitz.

!Recallthata function :[0;1)! [0;1) is saidto be of classK if it is continuous,strictly increasing,and (0) = 0.
A function :[0;1) [0;1)! [0;1) is saidto be of classKL if (;t) is of classK for each x edt 0 and (s;t)
decreaseso O ast! 1 foreachxeds O.
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A. Applicationsto Stability Analysisof Planar Linear Switthed Systems

The GAS of (1) is closelyrelatedto the stability analysisof linear switchedsystemsunder

arbitrary switching laws [14], [6], [13]. Considerthe planarlinear switchedsystem

x(t) = A @Xx(1); 4)

wherex() : R+ !' R2?, () : R, ! f0;1g is the switching signal Ag = A, andA; =
A + B. We say that (4) is globally uniformly asymptoticallystable (GUAS) if there exists a
classKL function suchthatfor ary initial conditionx (0) = x o andany switchinglaw the

correspondingsolution of (4) satis es: jx(t)] (JXoj;t), forallt 0.

Remark 1 By de nition, the setof solutionsof (4) is containedin the setof solutionsof (1).
In particular GAS of (1) immediatelyimplies GUAS of (4).

Recently the problemof establishingGUAS of (4) hasattractedconsiderablenterest[13]. It
is not dif cult to verify that several known resultson GUAS of planarlinear switchedsystems
follow ascorollariesof our main results.

To demonstratehis, considerthe GUAS problemfor positive switched systemsRecall that
a linear systemx_= Ax, with A 2 R" ", is called positiveif R} = fxjx; 0;i = 1;:::ng
is an invariantsetof the dynamics,thatis, if x(0) 2 R} impliesthatx(t) 2 R} forallt O.
A necessanyand sufcient conditionfor this is that A is a Metzler matrix, thatis, all the non-
diagonalelementsof A are non-ngatie.

If bothAo andA; areMetzlerandxy 2 R?, thenwe referto (4) asa positiveswitchedlinear
system Mason and Shorten[20], and independentlyDavid Angeli, conjecturedthat if every
matrix in the corvex hull of Ag and A, is Hurwitz and Metzler then the switchedsystem(4)
is GUAS (for ary ordern). Recently advancingthe argumentsin [9], Gurvits et al. [10] were
ableto prove thatthis conjectureis in generalfalse.However, they werealsoableto showv that
it doeshold whenn = 2 (even whenthe numberof matricesis arbitrary). Their proof for two
matricesin the planarcaseis basedon shaving that the systemadmitsa commonquadratic
Lyapuna function, thatis, a functionV(x) = x TPx, with P > 0, suchthatPA; + AP < 0,
i = 0;1. (For more on the analysisof switchedsystemsusing quadraticLyapunw functions,
see[4], [25].)
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Theorem2 can be viewed as a generalizatiorof this two-matrix planarresult of Gurvits et
al. [10]. Indeed,if Ay andA; are Metzler then Theorem2 holdsfor C = R2. The next result

thenfollows immediatelyfrom Propositionl.

Corollary 1 Considerthe control systen(1) with A; A+ B 2 R? 2 Metzler If A+ cB is Hurwitz
for all ¢ 2 [0; 1], thenthe control systemis GAS.

By Remark1, this implies of coursethat the switchedsystem(4) is GUAS.

The remainderof this paperis devotedto the proof of Theoremsl and 2.

[11. PRELIMINARIES: THE VARIATIONAL APPROACH

E. S. Pyatnitsly [22], [23] wasthe rst to suggesta variationalapproachfor addressinghe
GAS problemfor bilinear control systems.The basicideawasto derive a characterizatiorof
the “most destabilizing”of all possiblecontrol laws usinga suitableoptimal control problem.In
this context, the variationalapproachhas several advantagesFirst, it allows the applicationof
sophisticatednd powerful tools, suchasthe rst- andhigherordersmaximumprinciples(MPs)
to stability analysis.Secondmary of the resultscanbe generalizedo nonlinearcontrol systems.
Third, it allowsthe dervationof notonly stability results but moregenerahice-reachability-type
results.

The variationalapproachwasusedto derive the mostgeneralstability resultscurrently avail-
able for both (1) linear switchedsystemsof ordern = 2 [23], [18], [12], andn = 3 [2], [19];
and (2) nonlinearswitchedsystemswith a nilpotentLie algebra[24].

We note in passingthat the variational approachmay also be importantin other questions
relating to switchedsystems,e.g., the synthesisof optimal switching laws [7], [5]. Recently
this approachwasalsousedto addresghe problemof computingthe root-mean-squargain of
linear switchedsystemg[17]. More information can be found in the recentsurwey paper[16],
andthe referencegherein.For the sale of completenessye brie y review the componentf

the variationalapproachthat are neededor our purposes.

A. The Auxiliary Systemand Nice Reahability

Considetthecontrolsystem(1). De ne y (t; u; Xo) := exp( At)x(t;u;X,). Notethaty (0; u; Xo) =

X o. For the sale of brevity, we will sometimesausethe shorthandnotationy (t) for y(t; u; X o).
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Differentiatingy (t) yields
y(t) = u(t)S(t)y(t); S(t) := exp( At)B exp(At): (5)

Note thatthis is a drift-less, time-varying control system.Following [11], we referto (5) asthe

auxiliary systemClearly, we canrewrite (5) in the form
Z
y(T) = exp u(t)S(t)dt y(0);

0
soforany c2 R: Z

cy(T) = exp . u(t)S(t)dt  (cy(0)):

This impliesthatthe systemis homaeneousi.e. if acontrolu steerssomeinitial conditiony (0)
to the nal conditiony(T) attime T, then this control also steerscy (0) to the nal condi-

tioncy(T) attime T.

Proposition 2 Fix arbitrary T 0, g 2 R?, andu 2 U. Denotep := x(T;u;q), and p°:=
exp( AT)p, sou stees (1) [(5)] fromq to p [pY attime T. Letu 2 U be a contmol that
stees (5) from g to p®in minimal time,? thatis, y(T%u ;q) = p°for someminimal time T°2

[0; T]. De ne a control w 2 U by:

8
2 : T0).

o) = u(t);, t2[0,T9; )
- t2 [TOT]:

Thenx (T;w;q) = p.

Proof.By (5) and (6): y(T;w;q) = y(T%u ;q) = p® sox(T;w;q) = exp(AT)p°= p. O

Proposition2 implies thatany control canbe replacedby a control thatis a concatenatiorof
a time-optimalcontrol for the auxiliary systemand a bangarc. A similar result holds also for
the caseof nonlinearcontrol systemq26].

Given (5), the time-optimalcontrolu canbe characterizedising the MP.

2The de nition of the setof admissiblecontrolsU implies that an optimal controlu 2 U indeedexists [8].
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Theorem 3 Supposéhat u is a time-optimalcontrol for (5) and denotey (t) := y(t;u ;Xy).
Thee exists :[0;T9q! R", satisfying

()= u@®ST() (); (7)
sud that 8
2 0; m(t) > 0
u(t= (8)
-1, m(t) <0
whee
m(t) = T(t)S(Dy (1): (9)

Furthermoe, let Lo denotethe linear span of the set of all Lie bradets containing at least
oneB term: Lo(y) = span(fBy;[A; Bly;[A; [A; B]ly; [B;[A; B]ly;:::qg): Thenthe restriction
of (t) onLg(y (t)) doesnotvanishfor all t 2 [0;T9.

For a proof of the last assertionsee[26].

If thesetZ := ft 2 [0;TY9 : m(t) = Og containsonly isolated points, then (8) implies
thatu (t) is piecavise constantand satis esu (t) 2 f0; 1g for almostall t. Sucha control is
calledbang-banglf, ontheotherhand,m(t) 0 onaninterval of time, thenthe corresponding
controlis called singular [1].

Differentiatingthe absolutelycontinuousfunction m, and using (5) and (7) yields
m(t) = T(t)exp( At)(ada B) exp(At)y (1); (10)

wheread, B := BA AB is the Lie commutatorof the matricesA and B. Note that this
implies that m is also an absolutelycontinuousfunction.

Oneimportantapplicationof the auxiliary systemis in deriving nice-reachabilityresults[26].
The next exampledemonstrateshis.

Example 1 Considerthe casewhere A and B commute,i.e. AB = BA. In this case,(10)
yieldsm(t) = 0, som(t) c. Sincem(t) = T(t)By (t) andLy(y ) = sparfBy g, it follows
from Theorem3 thatc 6 0, so (8) implies that eitheru (t) O oru (t) 1. The controlw
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de ned in (6) thensatis esw 2 BB, so
R(T;U;xo) = R(T; BB1; Xo); for all T andall x¢:

Supposein addition,thatA andA+ B areHurwitz. Thenthereexist ¢; > 0 suchthatj exp(At)X o]
C1jXoj exp( ct) andjexp((A+ B)t)xoj CsjXoj €Xp( Cst). In otherwords,(3) holdsfor D =
f 0; 1g, andPropositionl impliesthat(1) is GAS. Thus,the stability resultfollows asa corollary
of the more generalnice-reachabilityresult. O

V. ANALYSIS OF TIME-OPTIMAL CONTROLS

In this section,we analyzetime-optimalcontrolsfor the auxiliary system(5). For two vec-

tors p;q 2gR?, we ugethe notationp / q to denotethat p = cqg, for somec 6 0. De-

0 1 i _ . .
noteJ = @ A . 1t is straightforvard to verify that if two vectorsp;q 2 R2nfO0g
1 O

satisfyp™q = 0, thenp/ Jq.

A. Thebang-bangcase
Proposition 3 Considerthe system(5) with A;B 2 R? 2, and y(0) 2 R? nf0g. Suppose

that the setZ containsonly isolated points.Let u be a time-optimalbang-bangcontrol with
at least two consecutiveswitches: t; < t,. Denotethe correspondingtrajectory by y , and
let x (t) := exp(At)y (t). Then

X (t2) /I (ada B)Bx (ty): (12)

Proof. ConsideringTheorem3, denote (t) := exp( ATt) (t). Then—_= (A+uB)" ,and
m(t) = T(t)Bx (t). Sincet; is a switchingpoint, T(t1)Bx (t;) = 0, so

(t1) / IBX (t1): (12)
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10

Assume rst thatm(t) > Ofort 2 | := (ty;t,), sou (t) = 0, x = Ax, and —= AT for
allt 2 1. Fix anarbitraryt 2 I, andlets:=t t;. Then

m(t) = T(t)Bx (t)

T(ty) exp( As)B exp(As)x (t1)

T(ta)(exp( As)B exp(As) B)x (t);
wherethe last stepfollows from the factthat m(t;) = 0. This canbe written as
m(t) = T(ty)(exp( As)B Bexp( As))x (t): (13)

SinceA 2 R? 2, the Cayley-Hamilton theoremassertghat thereexist ag; a; 2 R suchthat

A2= aA+ agl: (14)

The expansionexp(At) = | + At=1!+ (At)?=2!+ implies that there exist analytic func-
tionsf;g: R! R suchthat

exp(At) = f (1)1 + g(t)A; for all t: (15)

Differentiating(15) yieldsA(f 1 + gA) = f1+ gA; andusing(14)yieldsf_= ayg,andg = a;g+f:
It follows from (15) that (one possiblechoicefor) the initial conditionsof this setof differential

equationgs f (0) = 1 andg(0) = 0. Solving for g yields
8
% exp(a;t=2) sinh(IO r)t):p p; p> 0;

a(t) = _ exp(ait=2)t; p=0; (16)
: exp(alt:Z)sin(p —pt):p p; p<O0;

wherep := ag + a3=4. Note that (16) impliesthatfor any p  0: g(t) 6 O for all t 6 0.
Substituting(15) in (13) yields

m(t) = g( s) "(t))(@daB)x (t): (17)
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11
Denotet,; := t, t;. Thenat the switching point t, this yields
0= g( ta) '(t1)(@adaB)x (t2): (18)

Supposethat g( tp;)) = 0. Sincety; > 0, (16) yields p < 0 and sin( p_pt21) = 0.
Using (16) againyields g(t21) = 0, sox (tz) = exp(Atar)X (t1) = (f (t20)l + g(t21)A)X (ta) =
f (t21)x (t1): Notethatsincey(0) = x(0) 6 0, wehavex (t) 6 Oforallt O, sof (ty;) 6 0.
It thenfollows from the homogeneityof the systemthatu (t) = Ofor allt 0. This contradicts
our assumptiorthat thereexist at leasttwo switching points.

Thus,g( t»1) 6 0,and(18)and(12)yieldx (to) / J(ada B)T (t1)/ J(ada B)TIBx (t1):
A directcalculationshows thatfor all A; B 2 R? 2, J(ada B)"JB = (adx B)B, so(11)indeed
holds.

Now supposehatm(t) < Ofor t2 I. Thenu (t) = 1fort 2 I, andthe dynamicsis x =
(A+B)x and_= (A+ B)T ratherthanx = Ax and —= AT . SubstitutingA + B
for A in (11) yieldsx (t2) / (ada+g B)BXx (t1) = (ada B)Bx (t1). This completeshe proof

of Proposition3. O

Proposition 4 Considerthe system(1) with A; B 2 R? 2, andy(0) 2 R?> nf0g. Supposehat
the setZ containsonly isolatedpoints.Let u be a time-optimalbang-bangcontrol with more
than two switches,and let t; < t, < t3 denotethree consecutiveswitching points. Denotethe

correspondingrajectorybyy , andlet x (t) := exp(At)y (t). Then
X (ts3) I x (ty):
Remark 2 Note thatit follows from this and the homogeneityof the systemthatu 2 BP. O

Proof. We alreadyknow that
X (t2) / (ada B)Bx (ty): (29)

Considerthe interval t 2 (t,;t3). The dynamicson this interval is identical to that in the
internval (ty;t,) with onedifference:A is replacedby A + B. It thereforefollows from (19) that
X (t3) / (ada+g B)Bx (t2) = (ada B)Bx (t2): Combining this with (19) yields x (t3) /

((ada B)B)?x (t1). A direct calculation shavs that for all A;B 2 R? 2, ((ada B)B)? =
p(A; B)I, with p(A; B) = det((ada B)B), andthis completeshe proof. O
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B. Thesingular case

Proposition 5 Fix an arbitrary y, 2 R? nf0g. Supposehat there exists a time interval | :=
(t1;t2) [0, TY suchthatm(t) = O, for all t 2 I. Thenthere existsv 2 [0; 1] sudhthatu (t) v

for all t 2 1. Moreover, v is unique

Proof. Sincem(t) = 0,
(t)y/ IBx (t); t21: (20)

Also m(t) = 0,t 2 |, so(10) yields

T(t)(ada B)x (1) = O; t21: (21)
Combining(20) and (21) yields

(x (1)"Mx (t) = 0; t21: (22)

whereM = BTJT(ada B)+ (BTJ7(ada B)) . We now shav thaton the singularinterval x (t)

remainson a line, i.e. thereexists a functionc( ) : [t1;t2]! R nfOg suchthat
X (t) = c(t)x (t1); t21: (23)

We considerseveral cases.
Casel. Supposehat the symmetricmatrix M is sign-de nite. Thenthe only solution of (22)
is x (t) = 0, which is a contradictionsincex, 6 0.
Case 2. Supposethat M is singular Supposerst that M = 0. Denotethe elementsof the
A & A . Sinceinvertible linear transformationsof the state spacedo

a3
not changethe structureof optimal arcg,we may assumghat B is eithgrdiagonalor in Jordan

matrix A by A = @

1 a a
form. In the lattercase:B = @ by A andad,B = @ ° A& A A calculationshaws
0 by 0 as

thatM = Oimpliesthatbyas = bi(a; a3) az = 0.If a3 = Oanda; = a4, thenady, B = 0, and
this congyadictsthe factthat m(t)g O (seeExamplel above). Thus,az = by = 0, a4 a; 6 0,

01 0 a
soB =@ A andad,B = @ % LA,
0o0 0 0
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This yields m(t) = 1(t)x,(t), so 1(t)x,(t) = O. If 4(t) = O, thenit is possibleto shav
that the last assertionin Theorem3 doesnot hold. This contradictionimplies that x,(t) = 0,
S0 (23) indeedholds.

The analysisin the casewhereB is diagonalis similar, andis thereforeomitted.

Now considerthe casewhereM 6 0. SinceM is singularandM 6 0, the solution of (22)
is indeeda line.

Case3. Supposehat M is not singularand not sign-de nite. It is straightforward to show the
solutionsetof xTM x = 0 is two lines that intersectat the origin.

Summarizing,on the singularinterval x (t) satis es(23). This yields
x (1) = (A+u ()B)c(t)x (t1) = c(t)x (t1); (24)

so x (t1) is an eigervector of the matrix A + u (t)B for all t 2 |. In particular there must
exist v 2 [0; 1] andp 2 R suchthat

(A+ VvB)x (t1) = px (ty): (25)
Combiningthis with (24) yields

ct)(u (1) v)Bx (t2) = (ct) pdt))x (ts): (26)

Supposdor amomentthatx (t;) is aneigervectorof B. It thenfollows from (25) thatx (t;)
is alsoaneigervectorof A. Thisimpliesthat(ada B)x (t;) = 0 and,inductiely, thatCx (t;) =
0 for ary matrix C that is a Lie-productof A and B. It is easyto seethat this implies
thatLo(y (t1)) = sparfBy (t1)g. Butthenm(t;) = Oimpliesthat (t;) istrivialonL(y (t1)),
andthis contradictsTheorem3.

We concludethat x (t1) is not an eigervector of B. Thenthe valuev for which (25) holds
is unique,and (26) impliesthatu (t) = vforallt 2 I. O

The next exampledemonstratea casewhereno bang-bangcontrolis optimal and, therefore,

the optimal control mustindeedbe singular
0 1

1
Example 2 Considetthelinearswitchedsystem(4) with Aq = @ A A;= Al,where <
0

0. Note that the A;s are Hurwitz and Metzler A calculationyields G := exp(A1) exp(Ag) =
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0 1 0 1

11 F F
& @ A It is easyto prove by inductionthatforn 1. G'=¢" @ "2 "™ T A,
12 I:2n 1 I:2n

where F,, is the nth Fibonaccinumber This implies that for x (0) = (1;1)", the switched
systemadmits a solution satisfyingx (2n) = G"x(0) = € (Fan;Fans1)' : Now, it is well-
known that F, grows nearly as ”=p 5, where = (1+ P 5)=2  1:618is the goldenratio.
Choosing < 0 suchthate = 1=IO ~, yields that both componentf x (2n) grow at leastas
fastas ( "). Thus,the switchedsystemis clearly not GUAS.

SinceA, andA; areHurwitz, thereclearlyexists 2 KL suchthatj exp(Aot)X o (1Xoj; 1),
andj exp(Ait)Xqj (jxoj;t) for all xo 2 R? andallt 0. The matricesare also Metzler,
so if there always exists an optimal control u that is bang-bang,Theorem2 would imply
thatR(T; U;Xxo) = R(T; BB3;Xg). Propositionl thenimpliesthatthe correspondingontrol sys-
temis GAS, andso the switchedsystemis GUAS. But we alreadyshaved that this is not true.

It is also straightforvard to computethat, given xo and as above, and using A = A,

B = A;,andu  1=2in (1) yields componentf x (2n) thatgrow as ( €"). O

C. Junctions

We now consideroptimal controlsthat are concatenationsf bang-bangand singulararcs.

Proposition6 If u : [0;Tq ! [0;1] is a time-optimalcontwol for (5) theneitheru 2 BP
oru 2 PG.

Proof. We considertwo cases.

Casel: Supposethatu containsno bangarcs. The (absolute)continuity of m(t) implies that
in this casem(t) = 0 for all t 2 [0; TY. Proposition5 impliesthatu (t) v forallt 2 [0;TY,
sou 2PG PG.

Case2: Supposethatu containsa bangarc. Without loss of generality we assumehat there
exist0 t;<t, TO%suchthatm(t)> Ofort2 I := (ty;t,).

Case2.1:1 is strictly containedn (0; T9. In this case we may assumehatm(t;) = m(t,) = 0,
with O< t;<t,< T.Lets:=t t;. Egs.(17)and(15) imply that

g( s) T(t)(ada B) exp(As)x (t1)
g( ) T(ty)(ada B)(f (s)I + g(s)A)x (ty):

m(t)
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Supposehatm(t;) = 0, thatis, '(t1)(@ada B)x (t;) = 0. Then
m(t) = g( s)g(s) '(tz)(ada B)AX (t1): (27)

At the switching point t, this yields: 0 = g( t»1)g(t21) T (t1)(@da B)Ax (t1): Now consider
thatif T(ti1)(@ada B)Ax (t1) = 0, then (27) impliesthatm(t) 0, for all t 2 |, which is
a contradiction.Therefore,g( t»1)g(t21) = 0. Sincety; > 0, Eq. (16) implies thatp < 0 and
thatsin(p ~ pt21) = 0. Then,amguingasin the proof of Proposition3, we concludethatu (t) = 0
for all t, but this contradictsthe factthatt, is a switching point.

Hence,m(t;) 6 0. Similarly, it is possibleto prove that m(t,) 6 0. Sincem(t) is absolutely
continuousthis implies thatt; (t,) is the upper(lower) boundof anotherbangarc. Thus,u is
composedf a concatenatiorof bangarcs,andeitheru 2 PG or, by Remark2,u 2 BP.
Case2.2: Supposehat no bangarc is strictly containedin [0; T9. Thus,if (t1;t,) is a bangarc
theneithert; = 0 or t, = T% The most generalcasepossibleis that we have two bangarcs:
oneon (0; 1) andthe secondon ( ,;T9Y, with 0< ;< , < T andtheinterval ( 1; ») does
not containary bangarc. It follows thatu (t) v fort 2 ( ;; ), soin thiscaseu 2 PG,.

This completeshe proof of Propositioné. O

V. PROOF OF THE MAIN RESULTS

We cannow prove our mainresults.Fix arbitraryx, 2 R?, T 0, andu 2 U. It follows from
Propositions2 and 6 thatthereexistsw 2 (BBy BP)[ (BBy PG) suchthatx(T;u;Xg) =
X (T;w; Xg). This completeghe proof of Theoreml. O

Now supposehatthereexists a properconeC  R? thatis aninvariantsetfor bothx = Ax
andx = (A + B)x. Recallthatif u is atime-optimalbang-bangcontrol for (5), with at least

threeswitchest; < t, < t3, then
X (t3) = kx (tq); k6 O: (28)

By shifting the time axis, if necessarywe may assumehatt; > 0.

Fori = 1;2, denotel; := fcx (tj) : ¢ 2 Rg, thatis, the line passingthroughO and x (t;).
Assume,without loss of generality that the trajectoriesof x = Ax crosstheline I; in the
clockwisedirection (CWD). Let S;,  R? denotethe openconeenclosedbetweenthe lines |4

andl, asshavn in Fig. 1.
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Fig. 1. An optimal bang-bangrajectoryfor the casewherex (t3) = kx (t1), with k < 0.

It follows from the homogeneityof the systemthat every point on |; is a switching point.
Furthermoreijt follows that the optimal control is actually state-dependergndthatif x*;x2 2
Si2, thenu (x1) = u (x?). Assume,without loss of generality thatu (x) = 0 for all X 2 Sp..

Sincet; > 0 is a switching point, thereexists > 0 suchthatx = (A+ B)x fort 2
(ty ;ty). This implies that the trajectoriesof x = (A + B)x alsocrossl; in the CWD. It
follows from (28) thatx (t3) 2 |1, soattime t3 thetrajectoryx (t) alsocrossed; in the CWD.

We now considertwo caseslIf k > 0 thenthe curve = fx (t) :t 2 (t1;t3]g completes
a whole turn aroundthe origin in the CWD. Thus, there exist times ; , 2 [ti;t3] such
thatx (1) 2 C andx () 2 C. But, sinceboth C and C are invariant setsfor the
dynamics,andC\ ( C) = f0g, this is a contradiction.

Thecasek < 0 (seeFig. 1) cannothold becausex (t;) 2 C andinvariancempliesx (t3) 2 C,
but (28) with k < 0 saysx (t3) 2 C. We concludethatx (t3) 2 C\ ( C) = f0g, a
contradiction.

Summarizing,ary bang-bangime-optimalcontrol cannotinclude more than two switching
points.Thus,ary time-optimalcontrolsatis esu 2 (BB,[ PG). UsingProposition2 completes

the proof of Theorem2. O
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