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Abstract

In this paper, we describe a planning and con-
trol approad in terms of sampling using Rapidly-
exploring Random Trees (RRTs), which were in-
troduced in [7, 9]. We review RRTs for motion
planning and shov how to usethem to solve stan-
dard nonlinear control problems. We extend them
to the caseof hybrid systemsand describe our mod-
i cations to LaValle's Motion Strategy Library to
allow for hybrid motion planning. Finally, we ex-
tend them to purely discrete spacegusing heuristic
evaluation as a distance metric) and provide com-
putational experiments comparingthem to cornven-
tional methods, such as A*.

1 Intro duction and Overview

Often, one is interested in solving path planning
and control problems of the form: given a system
model, nd a (controlled) trajectory of the sys-
tem that leadsfrom a start to a goal con guration.
Whether one usesdynamic programming or com-
plete motion planning algorithms, such problems
are exponertial in the state-space(and cortrol) di-
mensions. Attempts to ght the curse of dimen-
sionality have led to the intro duction of randomized
(or Monte-Carlo) approaciesto path planning that
are capable of solving many challenging problems
exciently, at the expenseof beingableto guarantee
that a solution will be found in "nite time. Most
randomized planning methods are designedfor the
generalizedmover's problem, including randomized
potential "elds, probabilistic roadmaps, Ariande's
clew algorithm, and other planners (see[8] for ci-
tations). Derandomization of some of these algo-
rithms has beenexploredin [3, 8].

Many path planning methods, including dynamic
programming and most of the randomized plan-
ning methods can be categorized as incremertal
searth methods. In these methods a tree (or two
trees in the bidirectional version) is grown incre-

mertally from the initial state by adding a new
edgeand vertex in ead iteration after performing
somelocal motion. There are generally two deci-
sion problems at ead iteration: 1) which vertex
should be selectedfor expansion? 2) what local
motion should be executed? The answers to these
guestionsare given by the particular method. For
example, dynamic programming selects the \ac-
tive" vertex with the lowest cost, and the local mo-
tion attempts to move in a direction not yet con-
sidered. Among path planning techniques, incre-
mental seardr methods are most amenableto the
inclusion of di®erertial constraints.

An incremental seardy method that has achieved
considerablesuccessin the design of feasible tra-

jectories is the Rapidly-exploring Random Tree
(RRT) [7, 9. An RRT is an exploration algo-
rithm for quickly searding high-dimensionalspaces
that have both global constraints (arising from

workspaceobstaclesand velocity bounds) and dif-

ferertial constraints (arising from kinematics and

dynamics). The key idea is to bias the exploration

toward unexplored portions of the spaceby ran-

domly sampling points in the state space,and in-

cremenally \pulling" the seard tree toward them.

The resulting method is much more excient than

brute-force exploration of the state space. This

method can solve challenging problemsthat involve
state spacesof up to twelve dimensionswith the in-

clusion of both di®ererial constraints and compli-

cated obstacleconstraints. In [4, 5], we usedRRTs

to solve nonlinear corntrol problems and extended
them to the caseof hybrid systems. Herein, we re-

view those results, extend RRTs to fully discrete
domains, and describe computational experiments

and tools using RRTs for nonlinear, discrete, and

hybrid planning and cortrol.

2 RRT Background

The basic RRT construction algorithm is given in
Figure 1 (top). A simple iteration is performed in



BUILD _RRT( Xint )

T.init( Xinit );

2 for k= 1to K do

3 Xrand A RANDOM _STATE();
4 EXTEND( T;X;and );

5 Return T

[

EXTEND( T;x)
1  Xnpear A NEAREST _NEIGHBOR( x; T);
2 if NEW _STATE( X; Xnear ;Xnew ; Unew ) then
3 T.add _vertex( Xnew );
4 T .add _edge(Xnear ; Xnew ; Unew );

Figure 1: The basic RRT construction algorithm
(top) and an example RRT (bottom)

which ead step attempts to extend the RRT by
adding a new vertex that is biasedby a randomly-
selectedstate, x 2 X. The EXTEND function
selectsthe nearest vertex already in the RRT to
X. The \nearest" vertex is chosenaccordingto the
metric, %2 The function NEW _STATE makesa mo-
tion toward x by applying an input u 2 U for some
timl incremert ¢t. This input can be chosenat
random, or selectedby trying all possible inputs
and choosing the one that yields a new state as
closeas possibleto the sample, x (if U is in nite,
then a nite approximation or analytical technique
canbeused). NEW _STATE implicitly usesthe col-
lision detection function to determine whether the
new state (and all intermediate states) satisfy the
global constraints. For many problems, this can be
performed quickly (\almost constart time") using
incremenrtal distance computation algorithms (e.g.,
[11]) by storing the relevant invariants with ead
of the RRT vertices. If NEW _STATE is successful,
the newstate and input arerepresened in Xpey and
Unew , respectively. The bottom of Figure 1 shows
an RRT grown from the certer of a squareregion
in the plane. In this example, there are no di®er-
ertial constraints (motion in any direction is possi-
ble from any point). The incremertal construction
method biasesthe RRT to rapidly explore in the
beginning, and then cornvergeto a uniform cover-
age of the space[10]. The exploration is naturally
biasedtowards verticesthat have larger Voronoi re-
gions. This causesthe exploration to occur mostly
on the unexplored portion of the state space.

In addition to growing a tree from the starting
state, many RRT implementations grow a second
tree from the goal state. Sud trees grow in four
steps:

1. Grow start-tree towards a random unex-
plored con guration.

2. Grow goal-treetowards a random unexplored
con guration.

3. Grow start tree towards goal tree. At eadh
iteration, selecta random node in the goal
tree to grow towards it.

4. Grow goal tree towards start tree. A solu-
tion path is found when the two trees nally
connect.

3 RRTs for Nonlinear Control

Other researders have applied RRTs to planning
problems of various typesincluding path-steering,
manipulation planning for digital actors, varieties
of holonomic planning, and attitude cortrol (kino-
dynamic planning) [9]. To our knowledge, we are
the “rst experimenters to test RRTs on standard
cortrol problems [4, 5]. It is our hope that by
studying the RRT's performancein thesecommon
problems, we will be able to gaugethe strengths
and weaknesseof RRT's compared to other ap-
proaches.

3.1 Pendulum Swing-Up

The rst experiment we conducted was applying
the RRT to the swing-up problem for a nonlinear
pendulum:

2 a pendulum of mass m and length | with
equation of motion

2 Motor at tip which can apply torques of ¢, 2
fi 1;0; 1g units

2 |nitial state of u= 0 (down) and = 0

2 Goal state of p= Ya(up) and p= 0
The goal for the planner is to nd a series of
torque-time pairs that get the pendulum to the

goal state. In all but the most trivial cases,the
motor is unable to lift the pendulum to the goal



state in one smooth motion. The pendulum there-
fore must be swungbadk and forth until it achieves
suzcient velocity to reach the goal con guration.
Our rst try at solving the problem, a single-tree
RRT ld‘sing the straightforward Euclidean metric,

Y = (¢ w2+ (¢ W2, proved to be quite suc-
cessful. Usually "nding a solution in less than
10,000iterations (only a few secondsof computa-
tion on most modern computers), our implementa-
tion showed that the RRT algorithm is both fast
and adaptable to many problem domains. SeeFig-
ure 2 (left).

The dual-tree solution to the same problem was
also impressiwe, sometimes nding a path to the
goal state in closeto half the time of its single-
tree relative. One interesting characteristic of the
solution trees is how clearly it demonstrates the
dynamics of the system. SeeFigure 2 (right).

Figure 2: Single-and Dual-RRT Solutions to the Pen-
dulum Swing-Up Problem. The x-axis cor-
responds to p and the y-axis to g The
left image shows a single-tree RRT solution
for the pendulum problem after 5600 iter-
ations. The right image shows a dual-tree
RRT seard after 3300 iterations (solution
in dark).

3.2 Acrob ot

For our second experiment, we tested the RRT
algorithm on a problem of higher dimensionality.
The acrobot has gained attention in recert litera-
ture asan interesting cortrol task in the areaof re-
inforcemert learning [13]. Analogousto a gymnast
swinging on a high-bar, the acrobot hasbeenstud-
ied by both cortrol engineersand machine learning
researters. The equations of motion used come
from [14, p. 271]. A time step of 0.05 secondswas
usedin the simulation, with actions chosenafter ev-
ery four time steps. The torque applied at the sec-
ond joint is denotedby ¢ 2 fi 1;0;1g. There were
no constraints on the joint positions, but the an-
gular velocities were limited to W 2 [j 4% 4Y4 and
e 2 [ 9% 9Y). The constarts werem; = my, = 1
(massesof the links), 1; = |, = 1 (lengths of links),

lc1 = le2 = :5 (lengths to certer of massof links),
I, = I, = 1 (moments of inertia of links), and
g = 9:8 (gravitational constart).

There are numerous goals that planning systems
can attempt to reach when cortrolling the acrobot,
but mostinvolve reacing various vertical levels. In
our testing, we attempted to swing the tip of the
acrobot above somevertical level, y = ygoa. The
single-tree RRT had no problem "nding a solution
to the acrobot tip-goal problem. Unlike some of
the competing planners, the RRT is basedon vir-
tually no domain-speci ¢ knowledge except for the
acrobot's equations of motion, yet the RRT plan-
ner was able to perform well compared to pub-
lished metrics of energy exciency and time ezx-
ciency[13, 14].

Figure 3 shaws the vertical position of the tip of
one version of the RRT-controlled acrobot versus
time. Like the inverted pendulum, the acrobot had
to swing badck and forth multiple times in order
to readh the goal state. The starting position was
y = i 2:0andygoa = 1:0. As for the time-lapsebe-
havior, the RRT-controlled acrobot shaved similar
behavior to that shown in [14, p. 274].

goal height

tirme:

Figure 3: Acrobot Swing-Up Problem: vertical posi-
tion versustime

3.3 Multi-Aircraft Planning

We alsoinvestigated prioritized RRT algorithms to
plan for multiple aircraft in two-dimensions,travel-
ing amongsix airports, with simple °ight dynamics
[5]. We were able to generateplans for up to 800
holonomic agerts in the air at one time. We also
generated plans for tens of nonholonomic agens
(with unicycle dynamics) in the air at onetime.

4 RRTs for Hybrid Systems

4.1 Hybrid Systems

Researbers in the computer scienceand cortrol
theory communities have produced many models
for describingthe dynamicsof hybrid systems[1, 2].
For the purposeof the discussionin this document,



we considera simple illustrativ e case,in which the
constituent continuous state and input spaces(in
ead mode) are the same. Thus, we have a hybrid
system of the form

x = TOcua);
xa" = DX ua);
Here,x 2 X isthe corntinuousstate, u 2 U isthe in-
put, andgq2 Q' f1;2;:::;Ngisthe discrete state
or mode. Also, f (¢ ¢ g) is the contin uousdynamics,
J(¢ ¢ g) isthe jump set,and D (¢ ¢ g) is the discrete
transition map, all for mode g. The map D relates
the post-jump hybrid state (x;q)* from the pre-
jump hybrid state (x; gq). The input u, which can
include both continuous and discrete componerts,
allows the introduction of non-determinism in the
model, and can be usedto represen the action of
control algorithms and the e®ectof environmental
disturbances. The ewlution of the discrete state
g models switchesin the control laws and discrete
everts in the environment, suc as failures.

X 621 (x; u; Q)
X 2 J(x; u;Q): (1)

Brie°y, the dynamics are as follows: the sys-
tem starts at hybrid state (x(to); ) and ewlves
according to f (¢ ¢q), until the set J(¢¢qp) is
reached. At this time, say t;, the continuous
and/or discrete state instantaneously jump to the
hybrid state (x(t7); ) = D(x(t1);u(t1); ), from
which the ewlution continues. While terse, the
above model encompassesoth autonomous and
cortrolled switching and jumps, and allows model-
ing of a large classof embeddedsystems,including
ground, air and spacevehiclesand robots; see[1, 2]
for more details. Below, we describe an approac
to hybrid planning and cortrol basedon RRTSs.

4.2 Extending RRTs to Hybrid Systems
Emilio Frazzoli and his co-workers have used ran-
dom seard in the context of a hybrid \maneuver
automaton" to plan motions for aerospacevehicles
[6]. However, we believe our work [4, 5] was the
“rst generaldescription of a hybrid RRT. We sum-
marize it here.

A general, hybrid RRT can be achieved in various
ways, depending on the underlying hybrid systems
model and speci cs of the continuous and discrete
dynamics (and symmetries therein). We now wish
to give ataste of the way a hybrid RRT might work
for the model (1). A planning/control problem will

have atargetsetT 2 X £ Q.

The simplest algorithm one might envision would
explore reachable space by growing a forest of
RRTs, onein eady mode, with jump points among
various trees in the forest identi ed. In the more

generalcase,ewolution will start from a set of seeds
in a start setS ¥ X £ Q, encompassingone or

more modes, and proceedfrom there accordingthe

hybrid-RRT algorithm outlined belon. One may

think of the resulting tree as(a) growing in the hy-

brid state space,X £ Q, or (b) as growing in X,

with nodesand arcs colored/labeled by the current

mode.

Even under this setup, there are se\eral casesto
consider:

1. General speci cations; S, T, J, and D are
arbitrary .

2. Homogeneousspeci cations: S= B £ Q and
T = GE£ Q. i.e., the start and target setsare
independert of mode.

3. Homogeneousswitching: J(x;q) = J(x) and
D(x;q) "~ D(x), independert of q.

4. Unrestricted switching: J(¢qg) = X for all q
and D (x; q) = x for all x, q.

While the above is not exhaustive, it provides a
senseof a few typesof symmetriesin the discrete
dynamics that can be exploited by the algorithm.

In the caseof unrestricted switching, the hybrid-
RRT algorithm is exactly the same as outlined
above, exceptthat the control setis augmerted to
allow mode changes:U 7! U £ Q. The other cases
are non-trivial. In the caseof homogeneouspeci -
cations, X;ang lives,and distancesare measuredin,
the corntinuous state spaceX ; in the generalcase,
Xrand lives,and distancesare measuredin, the hy-
brid state spaceX £ Q. The latter brings up the
issueof designingmetrics for combined cortinuous
and discrete space,which is a topic of current re-
seard. In either case,the NEW-STATE function
must respect the hybrid dynamics. Typically, for
purely cortinuousRRTS, the statesexaminedcome
from extending the state X,e5r accordingto the dy-
namicsf (x; ¢ for a xed time and for various (sam-
pled) u 2 U. In the hybrid case,this continuesto
hold for (Xnear ; Ghear ) if there are no intersections
with the jump set J(§ Ghear )- If there are, evolu-
tion cortinuesfrom the destination point(s), using
the sameor di®erert u, until the desiredamourt of
time elapses.

In Figure 4 we give an example of a hybrid RRT.
Pictured from left to right in ead row are four
square®oors, 1 through 4. Stairs (jumps) are given
by triangles, with destinations given by inverted



triangles in the next highest°oor. The tree started
in the gray squarein the certer of °oor 1, and the
target set is the gray square on °oor 4. Succes-
sive rows represen di®erent stagesin the expan-
sion process. The hybrid state is s = (x;y;q) 2
[i 20;20]£ [ l320; 20]£ f1,;2;3;4g. The metric used
is¥4s1;52) = (X1i X2)2+ (Y1i Y2)2+20/thi pj.

Figure 4: Stair Climbing: an example hybrid RRT.

4.3 Computational Tool for Hybrid Systems
We have been working on a visual tool for ma-
nipulating and studying hybrid systems. Our tool
builds on the Motion Strategy Library (MSL) de-
veloped by Steven LaValle et al. [12]. The in-
tended purpose of the MSL is to provide a gen-
eralized framework for developmen and testing of
motion planning algorithms. It is composed of
three aspects: an interface to input problems of
arbitrary dimensionsand geometries,aswell asthe
dynamics of these problems; a set of planning al-
gorithms, ranging from PRMs to numerous RRT-
variants; and a graphical meansfor a userto study
how e®ectiely the planning algorithms solve these
problems. A typical sessioninvolves running the
MSL againsta particular problem, selectinga plan-
ner, and using the interface to plan and view paths
through the system.

Despite di®erencesetweenour problem de nition

and the goals of the MSL, this framework is ap-
plicable to our needs. We want to use planning
algorithms, particularly RRTs, to \walk" through
hybrid systems, a similar task to planning paths
through a motion strategy problem. The MSL pro-
vides straightforward extensibility for all aspects of
its design,and senesasthe basisfor our tool. Our
needsrequire extending all of the three major areas
of the MSL listed above.

Figure 5: Motion Strategy Library Class Hierarchy
(12

The interfaceto a problem de nition in the MSL is
divided into two main objectsla Geometry object
and a Model object. The Geometry contains physi-
cal represeniations of objects in the state space. (In

a motion-planning problem theseinclude the robot

and the obstaclesamongwhich it travels.) Primar-

ily, its role is to do collision detection cheds, to

keep potential paths for the robot from intersect-
ing the spaceof the obstacles. The Model object
encapsulatesthe dynamics of the system, includ-

ing a metric function for determining distance in

the spaceaswell asalgorithms to determine future

states for the planner given a current state, a time

increment, and a cortrol input. Given these two
objects, a Problem object provides an encapsula-
tion of both, creating an interface for the planning
objects and graphical objects.

Our extension is straightforward. First we imple-
ment a Geometry object for hybrid systems. This
corntains the sameinformation as a regular Geom-
etry object, but also includes geometriesfor the
state transitions of the hybrid system. Each tran-
sition can be modeled as a pair of (P;q) tuples,
(Ps; gs) and (Ps ; ¢ ), whereP; is a polygon in con-
tinuous spaceand ¢ is its discrete state. In ad-
dition to collision detection, we include algorithms
for\state transition detection." That is, we usethe
samegeometricalgorithms for detecting if the plan-
ner intersects with an obstacleto detect if we in-
tersectedwith a state transition region. Howewer,
instead of preverting transition, we usethis infor-
mation to determine when a jump is taken through
the hybrid system.

The implementation of the Model object for hy-
brid systemsis accomplishedsimilarly. We override
the methods for determining the metric to include



some metric between two elemers of the hybrid
state. In somecasesthis includes the discrete in-
formation, but it is not required to do so. In the
examplewe show later, we chosea metric that was
dependert on the cortinuous as well as the hybrid
state. Also, the Model object is usedfor determin-
ing future states or \taking steps" throughout the
continuous state. Sincethe Model is independen
of the Geometry, the planning algorithm itself de-
termines when state transitions occur and reacts
accordingly.

In addition to the Model and Geometry objects,
we also must implement a new type of planning
classthat plans against hybrid systems. The MSL
corntains a Solver hierarchy of classesin which a
major branch is a collection of RRT planners. Our
hybrid-RRT Igorithm (above) extendsdirectly from
the RRT branch, and plansin a similar manner to
all other RRTs usedin the MSL. Howewer, oneim-
portant di®erenceis at ead iteration of the algo-
rithm, the RRT also doesa che to seeif a state
transition hasoccurred. In e®ect,it queriesthe Ge-
ometry object, and if the newly-planned state for
the RRT \collides" with a state transition polygon,
then it addsan additional node to the RRT, follows
the jump, and integrates from there.

The "nal addition to the MSL is developingthe user
interfaceto include information for hybrid systems.
The user interface of the MSL includes classesfor
a pipeline of rendering scenesaswell a GUI object.
Our needsrequire extending both. The Render
object provides an implementation-indep endert in-
terface for rendering the physical represertations
of objects in a 3d world. Hence, it works closely
with the Geometry classes.The dewelopers of the
MSL include samplerenderersfor a variety of plat-
forms, but for our purposeswe choseto work with
the OpenGL library. The GUI object provides a
windowed interface that allows the user to easily
specify inputs for the planning algorithms as well
ascortrolling how the Render object animatesthe
paths that are planned.

Our Render object for hybrid systemsinvolved few
changes. Speci cally, we neededto modify the in-
put languageto include discrete state information,
and hence neededto modify how the Render ac-
cessedthe input Tes for the MSL. Currently, the
MSL usesa set of ASCII text Tes asa corveniert
meansfor input. Extending the Render object to
read our input languageinvolved reading an extra
discrete value for state information. In terms of
drawing bodies, we draw them on a one-state-at-
a-time basis; hence, displaying ead body involves

cheding if that body's state is the current state,
and drawing them. Similarly, animation involves
storing state information for ead frame, and only
animating if the state is the one currently being
viewed. A big addition to the Render object in-
cluding drawing not only the path planned for the
problem, but alsoincluding drawing the RRT asit
gets planned as an optional way to view the prob-
lem. Our modi ed GUI object includes abilities
to turn on and o® these new features, as well as
a meansto selectwhat discrete state is currently
being viewed. SeeFigure 6 (left).

To test our extended MSL for hybrid systems,
we've done example work using a four-story build-
ing, similar to the one used above. Specif-
ically, states in our system consist of a two-
dimensional coordinate combined with a discrete
°oor. Our hybrid state spaceis s = (X;y;q) 2
[0; 50]£ [O; @]£ f0; 1;2; 3g. We usedistance metric
Ygs1;82) = (Xui X2)2+ (Yii Y2)?+ 50 i .
Given these as inputs to our model, we grow an
RRT via the MSL to get a result like the one shavn
in Figure 6 (right).

Figure 6: Modied GUI Window (left) and Stair-
Climber Example (right).

In this "gure, the red (dark gray) pegrepresens a
simple point object translated from 2d spaceto 3d.
The orange (medium gray) block is a state tran-
sition or \down stairs" in which q is decremerted
while the green (light gray) blocks are \up stairs”
where q is incremerted. The white line segmeits
represent the RRT that has been grown through
the system and the overlaid red (gray) segmets
represen the path determined by the RRT.

The examples above demonstrate a system with
constart dynamics. That is, ead step the RRT
takes is governed by a simple constart function.
Howewer, our future work will be implemerting ex-
amples that use more complicated di®ererial in-
clusions. Speci cally, hybrid dynamics can be in-
cludedin the Model classfor a given example prob-
lem. In the functions that determine the next state
given a current state, a time step, and a cortrol in-
put, we include information regarding the explicit



dynamics of the system. The di®erertial inclusions
of a hybrid systemare applied given this input in-
formation to determine the future state, instead of
just using the constart dynamics as shavn above.
Our rst steps have been using systemswith dif-
ferent speedson ead \°0 or" in the stair-climbing
problem; but the implementation is open enough
to accept more complicated forms.

Our initial progressusing the MSL has beenvery
positive. Giventhe framework we usedabove, com-
bined with Emilio Frazzoli's succesausing random
searthesfor hybrid systems,we seeno reasonwhy
any classof di®erertiial equations could not be ap-
plied in a similar manner. Additionally , by relying
on the framework of the MSL, we gain the ability to
apply any form of generalizedplanner (e.g. PRMs,
RRT variants, etc.) to hybrid systemsas well.

5 RRTs in Discrete Spaces

5.1 Discrete Space Problems

In general, a discrete spaceproblem is one where,
given a nite set of states S, with operators map-
ping g2 S7!' Q°u S, a path from a start state s
to a goal state g 2 G, the set of all goal states.
Although optimal algorithms (such as A*) exist
for such problems, they becomeinfeasible for large
problems. In addition, they are intrinsically goal-
directed, making them ill-suited to road-mapping
to solve repeated queries.

5.2 Discretized RRT Algorithms

By applying the samesort of heuristic information
usedin generalinformed seard strategies,the RRT
algorithm can be adapted for usein discrete state
spaces.As in the original RRT algorithm, the tree
beginswith the initial state s. At ead step, select
arandom state ¢ from the state-spacewhich is not
already in the tree. Find the neareststate already
in the tree, g,, basedon a heuristic estimate of
remaining distance. Consider ead possible opera-
tion from q,, selectthe one which yields the state
closestto g, and add an edgefrom g, to it.

The largest di®erencebetweenconstruction of con-
tinuous and discrete RRTs is in the necessiy of se-
lecting from a small set of possibleoperators when
taking the step toward the random state. Since
it's not improbable that the best of the operators
yields a new state which is no closerto ¢ than q,,
and can even be further away, the performance of
the RRT in discrete spaceis degraded,since there
is lessbias toward unexplored areaswhen growing

8-Puzzle

Randomized state: Goal state:
51216 11213

8|7 4|15]6
4 3|1 7|8

Knight Puzzle

Start state: Goal state:
VI V[ V] V[T TIT[TIT TV
VvV T[T T T[T V[V
Y fTf T V[V
v v T[T T v vV
VBiRIRiRi TV V[ V[V

Figure 7: Discrete Puzzles: 8-Puzzle (left) and
Knight Puzzle (right)

the tree.

A new algorithm, which mitigates this issue, is
the Rapidly-exploring Random Leafy Tree (RRLT).

The RRLT algorithm keepsan openlist of all states
reachable in one step from the current tree; the
\leaves" of the tree nodes. When g is selected,
the nearest leaf is located and added to the tree,
and all of its successorsare addedto the open list.

In this way the algorithm guaranteesthat at eat
step the tree grows asfar aspossible(heuristically)

toward g at ead step. Although this algorithm is
more space-iniensive than the simple discrete RRT

algorithm, early results indicate that it is gener-
ally faster and nds better solutions. The RRLT

algorithm also lends itself to optimizations which
reduce the extra spacerequiremerts and further

reducerunning-time.

5.3 Exp erimen ts and Results

In order to ewaluate the potential of the RRT al-
gorithms in discrete spaceswe explored their per-
formanceon se\eral relatively simple discrete space
problems.

The “rst problem we attempted was the 8-Puzzle
(or more generally the (k? j 1)-Puzzle), where the
goalis to order arandomly arranged set of tiles, la-
beled1to 8, by number. At ead step, it is possible
to swap the positions of the empty space,and one
of the adjacert tiles. Sincethis problem is easily
sohable, with its low branching factor and aver-
ageoptimal solution length of approximately 22, it
provides a simple test-casefor the algorithms. For
both the A* and RRT, Manhattan distance of eat



tile's position in oneboard relative to the other was
usedas a distance heuristic for all tests.

A moreditcult puzzleis the Knight Puzzle, which
ertails swapping the positions of 12 white knights
and 12 black knights on a 5£ 5 chessboard, using
only valid knight moves. The branching factor is
larger, and the optimal solution length is 36, lead-
ing to much larger seard trees. Here, the heuris-
tic usedwas the number of knight movesfor eath
out-of-place knight to reach a destination position
occupied by another out-of-place knight.

Results for various algorithms on the 8-Puzzle are
shown below. In the caseof the biasedtrees, the
algorithm was modi ed to selectthe goal node as
¢ half the time, to improve running time. The bi-
directional seard usesthe method of growing eadh
tree rst toward a random point, then toward a
random point in the other tree.

Algorithm Nodes | Open | Time | Soln.

Exp'd | Nodes Len.
A* 1150 | 14850| 2.00 22
Biased RRT 610 -| 042 65
Biased RRLT 380 270 | 0.26 48
Bi-Dir. RRT 380 -| 0.5 31
Bi-Dir. RRLT 290 220| 0.14 30

Results for the 5£ 5 Knight Puzzle do not contain
A*, sinceA* did not terminate in a feasibleamount
of time or memory. The data showvn does con-
tain the results from an optimization of the RRLT,
which expands leaves only as necessarybased on
evaluation of the possible nodes which could lead
to an optimal r,. Initial results indicate signi cant
time and spacesavings, even in a problem with a
relatively low branching factor.

Algorithm Nodes | Open | Time | Soln.

Exp'd | Nodes Len.
Biased RRT 300 -| 041 175
Biased RRLT 150 360 | 0.28| 158
Bi-dir. RRT 480 -| 0.58 54
Bi-dir. RRLT 280 670 | 0.53 48
Opt. BARRLT 280 490 | 0.26 48

The greatest obstacle facing RRT algorithms in
large discrete spaceproblems is the linear time of
nafye nearest-neigtbor searhes. We are currently
exploring pruning methods (based on bounds of
heuristic distance) to reducethis complexity.
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